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i^ ^ fa ^f t% P £% :w*- m m 
a Ä j' k fl   ft =1 . § • liiaW S i it'll i I 

1. .. INT-RODITCTlON; 

101. .'Historv„ö£...£rj6:blem       -   . , 

Operational flight tr-ainers Have b§eh used for many years In 

the training of airplane, pilots,. The original Link Trainer is the 

most familiar of these» Present day flight trailers, are .complex . 

devices which involve computers which solve,, among other things* the 

equation of motion of' the -airplane In space in order to obtain 

information necessary to provide not only realistic hut theoretically 

correct instrument readings and stick -and rudder forces in the cock-? 

pit of the. trainer^ The. .computers used in all trainers"which have, 

been «built up to the present time are of the- analogue type* The 

question naturally arises that,, since digital computers have been, 

built which can obtain more accurate solutions of certain systems pf 

equations in less time than analogue computers,»; why cannot digital 

computers be ussdto- advantage i_n the construction of operational 
! 

flight trainers?:    |t haä älgp been suggested that possibly a- .singly      j: 

•digital cömpffitW millW" W-äsiSpCfbaTted With af HuffibeF öf ^yoci^Ttsiir &pcr =?T 

_js;p- make it passible- for -a grouß' pf trainees to, -receive' simutt^heous     l| 

instruction.    Another 'and very reai advantage of a digital ^computer     |• 

-iW-p-U-ld—be^the_^e.aseJJ'dth which It cpul'd be changed from simulation of;    (> 

the, performance of .one. .plane to that of another plane and back .again, i 

In its early.stages Project Whirlwind was a moic ambitious 

program along these same lines»     It was hoped; at one tinie that the 

Whirlwind- computer §»o,ul'd be made; tp js-ifiulate the Performance of an 

airplane so well,  even incid'dlng structurai deformations  in flight* 

that, it could be: used to- a certain extent  in tvlace -of aictiia'T .?•**>*•*'>'•- 
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mehtsi •or; -pll^t- .-models, tq guide the design -of new airplanes« 

The present project is ä little, more definite and less; ambitious 

in its- .aöope:*. The, 'Mööre. School of Electrical Engineering has been asked. 

% the Special Devices Center off ice of N&ya.| ^Research to; make ä •de'* 

tailed study- pf the requirements -of a digital computer for use. ih an 

operational, flight, trainer to- simulate the G-runsuan Fr-9^P airplane0. 

This .plane ,ar&.».. chosen partly because a. successful pperatipnal flight 

trainer for this plane has been built by the Engineering Research 

Corporation,, Riverdale, Maryland. The equation's used by SRGÖ in the 

design of their trainer are the starting point of the present study. 

Li.S Special- Assents. of a.might T-ralher". Gomfmter 

The requirements of ah %erational Plight Trainer impoae ä 

number of conditions upon a computer that .are hot'present in most 

.general purpose computers. 

a. Real time; simulation 

The solution of the equations, must be accomplished at. s rats- 

such that changes in variables, must make their effects felt as- q.uickiy 

,äs the. corresponding effects 'y/ouid be felt, by the. pilot of a ;rsal 

plane in flight» That is the solutions must keep pace with real time. 

yi   •.* A >\f v j^ 'a A v^Äi - *.<-*/*-    'Wiiv     AUVA vuuy vjb^i   v*--     °*-*r *•*•* 5** <-*-*"jjr   -»£****.**—•^».-««»ww. 

at any time*. 

Since an airplane, in flight is -a. .controlled, system in which 

the .pilot is. ä pari; of the -systefAj prpvlsiqh must be made, for intfp^ 

dücihg. the effects- of pilot caused motlonspf the control surrfaces at- 

ari^ time.    A-s explained more .fully in Section 4,, these motions,, v/hiich 
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Gttäii'öt be predicted on the basis 'of past history, have an important 

bea-ring. on "the numerical methods Qf"~ihtegration used in a digital 

epmpu&er» 

c> Cönv-sr-sipn from digital to oontinupüs informatiojn arid' 

Back, 

The information coming from the pilot ("stick, rudder;, and, 

throttle motion) are cspntinuöus,, and the information delivered to- the 

pilot (instrument readings anä control loading) ar<3. also continuous1« 

Therefore» conversion- apparatus, in both directions must be provided 

if a digital computer is used.  This- .apparatus is similar to input- 

output equipment for general purpose digital computersj except that 

for a flight tralnef^it must 'be fast enough to ;keep. up with, real time:. 

-d* Öhange of equations for .ground o.nd air operation. 

Ah operational flight traiiief must simulate the plane when 

wai'ieing up and taxing .on- the ground ;ahd, during take off and landing 

as well as in  the air. For these various conditions.: the equations, are 

in some cases entirely different and in most cases not exactly the 

same, 'So. that., prpväsipn must £© metde .for '.solving the proper equations 

under the proper conditions, and for making: reasonably smooth tran^ 

si=tion from one solution, to. the other* ' 

U3-   ^ccuracy^Required for. ffiteht Trainer. 

•Let us censdder- what- 'ts; meant 'by accuracy of solution« Consider 

three. hy$>a»%ä$i.cfelt experiments;.. 

(>); Suppose that <a pilot in actual flight executes -a certain 

maneuver a number .of times and that we were able' to record both' the 
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raovemöht-s. of the sti;ck Spd. 'the- resultant motion of the plan©1. 

By "maneuver* is meant a series of control motions by the 

p.il/6t starting and ending in. undisturbed level flight. Ebcampl'e.s 

would be •an immelman turn or a, idive and- pull out* 

Gall the- records: of the resultant motlpfis the true- motion* 

Now; suppose that a digital, flight trainer were to be> Built and two 

experiments performed upon it,. 

(b) Let the recorded motion of tho stick, for one of the. real 

maneuvers be fed Into the trainer and the simulated motion of the 

trainer be recorded. 

(c) Let the same pilot get into the trainer and bje asgeq to 

execute the- same maneuver a number of times» äöd' the •simulated- 

motion of the t?alner recorded for each maneuver» 

;Now lot us .aake comparisons of the iiypöthetiöal records 

obtained in all of these :Cäs.es. 

The records of the true motion (a) and the simülate.d motion 

in. experiment b cruld be expected to differ for three, reas'oiis: 

1* The equations used do np;fc- entirely describe the motion,,. 

2. In the. real" flight -certain- disturbances such, as .changes 
c 

in wind velocity -were' present, that the: trainer did mot attempt, to. 

-fiimiul-nift  ~ --.-•— —-     — —  

3. The trainer did not ;solve the equations with perfect 

accuracy. _-____- 

However,», this comparison would -be of little use since it wcufld^ 

ie entirely Impösslb&e to distinguish: between these öauses öf in-? 

:ac.CUtacy«   . -"    ' •  _ '    .  - 

-a 

! 

I 

!»9 
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flow suppoesv that, 'all of the' records of- the Teal 'maneuvers 

experiment (a)- ?j3e.- po»si'der-ed?., They will differ among, themselves' 

because the environmental 'conditions were not the sain© for all 

maneuvers», -and. "because it would be impossibly to -expect the' pilot to 

produce exactly the same stick rudder and throttle motions each time. 

The records of- the simulated .mpt ions' in exgeriment c». would 

be expected to differ less among themselvei; because in this case the 

•environmental conditions could be made the .same, for each•simulated 

maneuver, c 

-Now suppoae^that some kind of statistical study were .made pf 

the. records of' the real flight experiment (a) such that upper and 

lower hounds could be determined for each of the motion variables 

as functions of time. If all of the records of simulated motion in 

experiment c. fell within these bounds for all possible maneuvers 

then the flight trainer- could be considered a. perfect simulator of 

the. actual .motion of the' „plane-. The eohc-lusioh to be drawn from this 

reasoning is that th«> computer may introduce inäcduräciesTin the 

'simulated, motion, variables- so: long. as~ these inaccuracies 4P 'iiot cause 

the motion of tus. simui&ttor to. -.exceed the limits to be. expected for 

the .same1 -ma-heliver in'actual flight.. 

~ "  Since, because of varyirig, «iivix'önuren'täl conditions; and pilot 

motions the values: of motion variables might well differ "by as much. 

:as ten percent .in two actual' executions of ,the same maneuvers by the 

.same pilot in the same airplane,, high accuracy is hot-:hecessary in a 

flight, trainer» - %i this basis a -computer which produced a .solution- 

r^s^^^wmmB^^m^m^^^mi^s^^^^mi^ssmmmis^^ammmmsmm^i 
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.which differed from the true Solution i>y as much as ten percent ävt 

times would be .entirely acceptabie provided the ten percent represented5 

the maximum' ä'evi-atipn from the; tr.ue solution;, In terms- Pf -a digital 

computer the maxirium accumulated ;errör shpu'ld be less than ten percent 

In a times sensible to pilot.- This means that the error in -a single 

step in. computation muät be much less than ten perfient.., How much less 

is %  function of the ^equations being sp-Med, and the length...-of1 the com- 

putation interval! and the number of intervals comprising the manoeuvres 

1.4 SUM^MRY.,QE,RESJJLTS^ÖB, S%PJ& 

1 .-A-ri... Manipülatiöh.-öf ..Given. Eguat ions. 

•Äs. mentioned before, the equations used by Erco formed the 

starting point of this study. As is explained ful£y in Section 2» it 

was founä, possible to rewrite the equations in a form which does hot 

contain, the Euler angles ..explicitly, and thus to eliminate the infinite 

values of functions of these angles that occur for certain aspects Pf 

the airplane. Also as explained in Section, 3, P..3S3 .some trigonometric, 

fun'cMoas. which are time consuming to compute .digitally^ were appr-px-^ 

imateä» The computations, in Se.ction 4 show, that these', approximations 

did1 not; ftitfr the accuracy of represseh-tatipn. Iast:l-y%. as is •expläihed! 

in Section 2» digital .machines are usually designed to- hanclle only 

numbers less than: one* Oh this account new variables were introduced 

such that no number appearing, in any .equation is greater' than, one.« A 

•complete list of the .-final equations/ starts pn page 2~26, 

l«-4vg\ Programming.of ^Equations 

The equations uiehtipneci above- were- then programmed* for digital 
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computation.    By programming, is: meant the process of breaMhg down 

ail complex algebraic formulae»   and numerical iiategnatioli formulae' 

i/ht.p the. basic operations of /addition,,, ..subtract3<pn, mul.tiplica-t.Son.j.. 

.and' division, plus some, other operations like shift and transfer"» 

peculiar to digital computers*    Fpogramm.ing should fee di sting-uishsd 

.from encoding, which is the trahslatidn of ä program into the partic- 

ular language of a. digital computer,     The programming is< explained'. in 

detail in Section 5,,2 and is given in chart- form- l-ii figures 5*.2^2 to 

5-.-2-T9^    From the program a count of the total pper'atieriSi and the totas'L . 

memory spaoe can be obtained.    These ar-e sunparazed in the fpllpiving 

tatble? . > 

ife-ching of 
Hurrieane Section 3*9 

Time for one computing; cycle * . - $...£& sees.«, Övl j3eGS># 

Memory cells 2768~296Q 5232-5424 

-   -     ,ihis count is based on the use of the equations as listed' iii 

Seötiön 2^.7 and. on a representative integration formula of the Adams* 
•&- •.  _  .    —  -•>  _ ? . . . 

;Ba¥hf:örl;h type..    The equations listed provide continuity-for all 

transitions from air to ground and- ground to air. However, since the 

usual integration* för-jniiiaö call for a certain amount of "overlap* or 

-remembsr^r4;-"Of-p-aNsf&^^ tr&nsitiphs is depend.^' 

ant ph. the. integration formula selected. Hencet if -a differ-lnt inte- 

gration formula .wez--# to, be used it might make ä considerable change 

both in- the-time and.-memory space. However* the numbers given-are'rep- 

fesgntative öf order of -magnitude^ and for the equations -used would 

,npt, va^'y by as much- ^as a fapVo?- -of two;», 
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JU4 Accuracy ,;o£ Digital Sol-t^l^as. 

The time? for pne< computing- cycle igiven in the table of the. 

- preceding; section, are f ejresenteiti^e cf tJL-ms'- .epnsümeij |y typical 

äirgitai computers in carrying, out one step of bpmpüta-tipn. If this 

time is less than a real time increment which* for the method of' com- 

putation -usedv assures, sufficient accuracy of the solution, then ä 

•digital computer will perform satisfa-iytbrily; if not», the* computer 

Mil of cpur.se- faÜ ta keep up with real time, in section 4,4 the 

theoretical computations of thg> errors in a method, of integration, 

called the modified Mpuitpn Method are compared with- hand computations 

of several manoeuvres using the flight trainer equations presented - 

in this röpprt»- the cpncl.usions of this' section ,pty be summarized 

as follows? 

a«. The .errors oceuring -in the hand compütätiph- are much 

greater than those predicted tafciüg. into account the usual 

rouhd.-off and truncation error-* ^—--——     --=-- 

,b, The cause, of thiss additional error is twör-föld.. First., 

there, is the inherent, inability of any open method of inte- 

gration to. predict the- effect of. a. change introduced into, 

into the equations (by the action pf the pilot) after the 

 Intggr at JOQ f'cr a particular Jstep_iji^c_pmpu:fcaMPh_.ha.s^.s_t.arte^ 

Second;» when (as in. the, case- pi the flight trainer) there are 

many simultane pus equations involved,! ä disturbance intro- 

duced, into one equation may^ take many stepä of computation 

to make its-effect felt in „the.' other equations:« The second 

source of error (called compliance* -ö-r-rör in this, report),- is  ~~ 

i^;':s^^' 



identical Titfr 'errors caused by the time delays  in the 

'components Pf ah analogue computer. 

c.    These errors >oah be r.edüöQ,d. to äqceptabie yaluejs in 

three, ways.    First,, by-decreasing' the real time increment 

corresponding tö a :step in .computation,--    Second,  by using. 

_. _   _  . _/öpeated 'Closures for the  same real time increment.,  This 

is analogous to using,feedback in analogue computers* 

Third,  by using a more complicated method of integration 

that takes into .account ^ pne step of pprnputatioh the 

effect of a disturbance on ail the equations invoiced, 

instead of only the aquation l&to whrich it is directly 

_        i&troduced5.    Obviously, any of these methods Will lengthen 

the. time taken by the opmputer for 6;he cycle of computation. 

with fiö more than three closures at 1/16. seöohd time intervals would 

be satisfactory £pr the mähoeuvfes. computed.      Three closure's would 

triple- the. time-Ä* one- imputation öyole estimated in Table of Sec- 

tion 1.4-ä, that, is 0.3 seconds Jor the" faster   Machine,,   .Sinpe-this, 

is- greater than l/ie^ecbnd 1,0625 second*)    this machine  could not. '* 

keep up wffch :fc9ai timei    similar reÄärks. hold'   for the    Modified 

.-Äulton^Methsd '-        - -   --         :-_-.-r--. 

IdL^öca-Ql uslojig; - -. '— -       -   -< 

These conclusions are based on, the. .equations o;f _the F~9^P 

airplane _aa. .developed by the EnirinAfiT^w D-„ -,   ~- r ^ uy  w,.e «"gineering Resear-eh üorpora:tlph which 

formed the 'stäMjing -pöxnx <ö£ this study-,    • 
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a* Mo' existing öj? soon to be completed digital computer can 

solve the given equations of a. single airplane in real time 

using methods of integration commonly used on digital computers, 

Ifc the pafce of the Mbultön Method of Integration (which appears' 

to the. •writers to be the/ ibest of the commonly 'use;d methods,) 

the fastest digital Computer considered would be too slow by 

;at least a. faptor of thr^e» In addl^iöttf a memory capacity 

in the neighborhood of 5000 binary numbers would be necessaryf 

which- exceeds that of most existing or projected machined, 

b- In view of conclusion (a)., it follows- that ho existing 

digital computer ean solvis the given equations' for more- than 

•one airplane simultaneously in real time. 

1 
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S' Y -M SCLS 

I-h the List of symbols that follows,  generally the dimensions- are 

given, r.ather than the units Involved.     In order to find what the units 

•äse,   please- refer to the list of transformations.; 

A ., quaivt-ity computed to rniake- takeoff decision 

B. «quantity computed to- make tworrwheel decision 

Cjv,   % ,  CL .    lift -cb.ef ficiert 

Pm ,  CJJJ,     cope f fie lent.,, functioris '0.f-?3a.;  used tp_ compute' Mj.» 

,a 
m~3 

E 

*B. 

m 
FBl 

H 

coefficient used to compute M+. 

quantity computed to determine thrust f 

.h  quantity computed, to; determine thrust T- 

resultiiig brake force, 

force applied- to right hr.aks pedal 

" force applied to left brake, pedal, 

quantity computed dj[temine, thrust_T  

Ixi   ly,   Iz.   -moments of inertia of airplane with, reference tpi the       .__ 
-        ' <- X,  Y,   Z, .axes respectively     _.. ------       "^" 

J quantity introduce in determination of thrust,   equals a definite 
positive nimiber ör zeröj «depending on whether or 
not water is injected. 

%»- KQ, %••   factors that show effect of flaps,  landing geär^   and. nose. 
•droop'. 

L^V^, -^y%i  t^t    roomeht.s about the, wind 'tunnel axes X^.,  Yt,   "L^ 
respectively.,.    Positive direct-ions, determined oy 
right hand rule-. 

-M,  issoh-'iiymber- - 
_j 

ELJJ,  =% -ranges of the plane North. ;and- East, of' the origin .during a problem. 

rate öf ice formation, 

rate of String ammunition 

i 
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P_: 

S Y M B!#"L S 

p>j. rate ef fuel consumption from body t-ank... 

,S,j^ rate of dumping. Body tä&rf. 

S£b rate of filling body tank*. 

SjTjijf rate of transferring fuel from wing tank to body tank. 

S-g^r rate of dumping wing, tanks. 

&W Pate- of filling -wing tanky, 

,T thrust.v r 

Tg. resulting brake torque".; 

V.J. airspeed.. 

W -weight of plane. - _ . . _ =      -       .".._..- 

Wjjj raaxiirium weight of plane in pounds  (figure used in equations 
is 15,000). ________.___ = -• 

"Wj weight _Iö"f^ig#*:-~--_"""""" " """      """ 

W^ weight öf disposable portion of lammunitipn. 

W^ weight of fuel in body t&rik* *    ~      ' 

Wp _ weight of -fuel in wing tanks.- 
i _ - ___  _     

X airplane longitudinal :(,r.oliL)   axis>. or force along this. axis,. 
positive förwäildi. 

Y airplane lateral  (pi, en)'  axis., or force along this axis, 
positive, to. starbpar<i> 

Z airplane-=norm^l {yaw)  axis,  or force along this axis, .positive 
   __       - dovvnv.ard^v.'hen- a-i-rplane- is in--norma=> upright—_-'-—- 

'   - attitude.      _    -_ 
X^.,  Yfc,  Zt    wind-tunnel axds,  Xt and^.Zj. differ f torn, X and Z by the angle 

of attacka    while Yj. 'Coincides with Y. 

Xj.Vt»  Y-f.^,;.  Z^-V^    forces along, windeturmel axes. 

___________ __?>* 
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'a 

13 

b^ 

function of Ma used to compute Xfc« 

function, of % used to compute X^ 

amount of ice. collected on the plane. 

c function of Ma used, to compute Xj.. 

4 distance -in feet, of airplane center of mass aft of reference 
•point.. 

.g- ' -      acceleration of /gravity 32,18. 

h altitude above sea iev<5l< 

hQ altitude of landing fieldv 

k coefficient appearing in .jH* which in turn accounts for the 
var-iätipn of air- density with- altitude -ab.osre seä . 
Ievel._ _     _ __        .... -   - - - 

h,  m^»  nl»   is»  M'ar'Szr  %m ^si»  ha   direct ion cosines relating the äir-r 
.plane axes t» axes fixed to •the. (earti. 

m siope of airplane lift curve. 

n engine speed vprop'ortional to BPM),   used to compute thrust T, 

jig minimum idling speed,         ___-'--     -'"                     .    ^.-'-      - 

p, qt: r    ähguiär velocities -of the; plane aMut X*  ¥,  Z. axes respectively. 

t .    time- xö seconds..       ' 

uj,. %. w velocities along X, %,  Z axes respectively, 

x6. displacement of plane to the -North of starting point-.- 

yQ diap-l^emei^ öf^airplaneJSLEasjL .af^stafcting-;pe4-nt> —*  
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# 

<A 

'<P 

Dot p-ver ä quantity indicates a function- prppprtipftaiL to the time 
4e3?iv9.t-iw-e of tte quantity. 

a angle of ajttack»    Angle 'between X axis and projection of 
relative wind pn the- XZ plane-,   i, e.. angle 
between- X and Xj.  axes.     Positive- when 
positive Xt. lies between positive X and-  

- positive Z. 

S     sur-faca. deflectidny, subscript indications as follows': 

a- -itil-erony positive when left aileron is down. 
e Elevator, positive downward. 
fd $ive. flap 
r Budder, ;ppsitive tp< the left? 

Sulerian angle ©f pitch, Angle between X axis and a horizontal 
planei :pos4"t<lve_fQr nose up.  - ,        - - 

Eulerian ähg'ie of heading,, Thg. angle a vertical pl§he^__T i 
thrqugh the- X axis Biäkles clockwise from true 
North.. 

Eulerian angle of roll. After \p ,änd ß  have, pat the. X axis in 
the correct space positiony the airplane is 
rolled about the X axis through, 4> to put the 
Y and Z axes: in propfer1 position. 

£3  corrections applied to. direction cosines to-normalize thepi 

angular setting of thro.tt.le. 
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The equ.sct.ipns  of motion of an airplane were modified, by the      \ __ , 

Engineering Research Company to make- theiS suitable for solution by       * 

dn analogue-type computer, These, äc>d'ifii6.d equations are referr.fd to 

in. thjs -report as the» BR0O-egruatipn& or the .given equations. It- is 

evident that the ERGO- mod i-fi oat Ions might be desirable for an analogue 

computer while other- modifications- might be desirable for a digital 

computer« It has in, fact been found desirable to change thei ERGO 

equations1 in some, respects tö make them more suitable for solution by •   j 

means of; digital computers* and it" is the purpose of this section to 

cdlscuss. these alt er at ions» 

For example» it was. felt, that the presence of Euler .angles 

- would present dif.f iculties>. because the kinematic equation a might lead 

to division rby small quantities» One Pf the first steps, therefore,, 

was to eliminate the Euler. angled from the. equations as- outlined below 

in P, 2.3:, 

— The -determination of functions -such as sines, cosines, expö^ 

nentials, and other arbitrary functions can be handled easily by an 

analogue computer-, but not by a. digital machine' tsee .Section -3.).» 

Consequently- for the digital simulator contemplated here, these func- 

tions are determined by a .different procedure.,_ The^ .sine &n&  cosine  . _...^.._ 

of the angle of attack can be computed dircsctly, A small angle can- >be. 

equated to its sine' äs was1 done by ERGO. Other functions cari- be- han- 

dled as sets Of straight lings,., 

For motion- on the ground it was .decided tö modify the ERGO 

•equations - to.-eHminat'e forces, and moiaoate .-that are, neutralized by the. 
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ground reaction.. This- leads to three' types of manoeuvres for splutioh: 

manoeuvre's iii the adr+ ma-npeüiyres with ail three wheels on the ground., 

ana m&ftöv uvr-ss with the front wheel: raised. This is dis'cussed in P* >2-,4'i, 

The effect of -M;nds. can he taken 'car© of by simple/device'S- 

whlle the airplane is. in the air* The' •e,oh.©cL- of taking Recount .of' wird 

while, the ^airplane is on -thö ground has not been developed at this time. 

The symbols' and equations as they appear at the; time pf- this 

report are listed in P.« -2,.'7». 

Z
*LJ  ^örmfeia-zatlön of jBgrgme-Ee^B 

The. general purppso digital computer has thej point (decimal» 

binaryv :°? ^otherwise) ät one end: ofi the., register. the  machine there- 

fore works with either integers or fractions b\j£ not with -mixed numbers. 

Of the two extreme positions it is more common- t.c; find- a machine 

workirtg with fractions' than with whole numbers-.  If our problem is to 

be worked on a computer designed to. handle fractions it ic. necessary 

that we. .change all equations so that no number- as large- as unity »ixt 

be encountered. 

To -mstke all_ quantities I.es.s than one we could divide- all pur 

equations by siuiiciehtly iar.ge numbers. ' The effect might be to.-make 

some of the; variables considerably less than unity. Under these 

c-iTCumstäneeÄ, if each variable is to-be represented by the isame-number 

of significant iiguresv the. .number of digits in the .machine would' be- 

mad§ quite -la-r-ge«- 'The .more dibits in each number tht, longer each pro-* 

cess becomes, Therefore where speed is so ^impprtant.j the numbers. 

Should! be adjusted to remain l«ss than üriityv .but. s^eh; variable should 
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'hure -its maximum .a/ä- dl-ose to unity as possible«. A more detailed dis- 

cussion 'of this 'matter is- to be f.o:iuad in Section '&-„ 

.Consequently, each variable' in the. equations was divided by a, 

number somewhat larger than, its own maximum.,,. The new coefficients, in- 

the. equations were then examined to ensure that no number exceed unity, 

This* ne=6essita;teä that, numbers be shifted either tc the right or to t-1^ 

ie£*.? 'Shifting has. -the. effect of multiplying or dividing the. number by 

ä .power of two in a binary machine« just äs shifting the decimal point 

corresponds, towipjal-'tx.plying or dividing by a power of ten-in the decimal 

system; thus, it will be noted in the equations of 3... 71 that factor's 

equal to powers of two have frequent occurrence. 

2.P.    glm.plifloatloli öf Q.iven Equations 

The equations^.solr-ed by the ERCO simulator are. empirical 

equations that approximate test results. Since these equations lead 

to a satisfactory trainer one would expect that a satisfactory trainer 

could be obtained if the digital computer inäde use öf" the same equations.,, 

Gri the other hand it i -9, agreed that the.. 3RC0 »ejjuäti^ns iiJ.-_aa.-ny case-s — 

are' only -.empirical ,appr,pximatioils.. If one empirical .approximation is 

replaced by another that is not; too different* satisfactory results 

.should be expected». » • «. 

'•—'—"'^h^^^GQrw^^%t^ä'^^&n^Qan^:6 jof attack», its: sihe, and its 

cosine«. The .ERÖQ computer in many places replaced the- sine, oy the» angle. 

and. -replaced the cosine by unity* 'Vheh. these equations were^ prepared 

,ft>r solution ön a digital computer it was decided to» compute the s|ihe. 

and cosine and to- replace the a-ngl.e by its sine instead öf replacing 

tkä  sine, by %h«>- a-ngl-e«, .'Numerical cal.cuiati.öns.lhave been p'erfprxifeä 

i »9 
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which indicate that these approximations- af-e justified!. 

The! angle of yaw appeals in some of the ERCÖ equations*  jjnjöu*- 

equations It has. been caep.laöed iii all cakes by the approximationVv^t« 

•Iks. a result of the; angle- of yäw does- not "appear in any *of öür equation-;- 

The determination of thrust was made by ah empirical, stydy of 

block, diagrams. Supplied by the- contracting agent?, -s It is 'believed that 

the formulas used ;are reasonable approximations for the present pür- 

^p.öse. That ist (a more Satisfactory set of formulas would probably 

_ JLnvolve the same amount of^instruction = and memory^-space.;, 

The block diagrams supplied "appear to indicate that the fuel 

consumption is constant for any throttle setting! This is hard, to 

bei-ieveT However ,• it is felt that" tne Machine space .and. computation 

tigs for rate^of-fuel" determination, will be small. Hence this arbi^ 

trary assumption will be adopted if the information is hot made avail- 

able before the final report is Tritten.   -- "  - __ 

•g-,.3: .. EJimihätion^of -Eu'l-e'ri-an Angles - -   -      " 

The equations ,of motion of a rotating, rigid body are usually " 

simplified by using a set of axes -attached to the rigid body.s. • The 

simplification results ~from the. fact that this- choice of axes permits 

the use of constant moments-an& produe.fes. of inertia, 

tö ä set of fixed .axes ©X0, 0YG, and-Q2 ö,may be •dei'Iried by the Euleriän 

angiesT, 9, #„/ "for Convenience a-ss,ume, ^QZQ downward» 0Xo $prtht &nd!~ 

0,yG Jast.i -| is;the .angf e .'meäsürad äbp.ut -OZQ from-, the ' XcrZoplans to 
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the) .(vertief) plane- :confeinihg. ^ -and OX;  It- is positiv when OX 

Is troward the 3ast0    S  i, the -angle: '.between OX .and th* X *.  plane,;       ' 
• o o *   -     ' 

rt .*. ppsit^e when ÖX is- «W the X^ p*ane..    It, is measured about 

an axis in the X^.   plane,,   .fell this :axis ©?••,. 

9 £s the angle .measured about the OX axis from @$l to- O^j ft Is 

positive- fe* oiocwise rotation as viewed from the origin aiön£ the 

positive- OX axis« 

If the angular verity of the moving axes has components"'"~ 

?,  g»  and r about the- moving axes t, Qyt an<| 0^ respeetwely* tos* 

the- *^*^ *^ ^ ___ 

the angles und the components  of xn&Läf velocity,. 

3 =' q, eos 0- ? sin- 0 - " fo *, 

^ * crf-a-.^ fog Ö + q s|ii .6 .sin 0-+ r sin- 6 ©os #   .(^,3. = ä-\ 

. V ^ WES: h  sin 0 * r cos' 0X.      .       , '"    (^3. ^ 3s 

The presence, of COs e- in the denominator makes two of these 

equations indeterminate when 6 is ± -9Q
Ö. This- makes the equations 

^morm  to 04» especially where point, by point numerical imputation*.' 

üre beingrpgrfprmed. one" common ^tho* ^^evadinTthe^diffixity is, to " 

limit the variable *-say to. the range't .85°," This is .avoiding the 

pr-obleih rathsr than .solving it^, 

_._L „. ... .^^^m*n*Sm ^±^°^^ jSf ^ »^hematMal apprP^h^.^ 

tea physical problem. A different choice, of *xes; for example wouM ' 

Present the,Sftm, .difficulty at a 'difT^nt orientation of ^rotating " 

*W* Therefor, if there is,a .ay out of th, difficulty it My « 

be to try-,» ne./v. mathematical point, of view. 

I 
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-    . ^:tl6iX*t —S' e'Ö9^iS§&es *i- $i   ?JL In the moving, system., 

then its cpprdinates ^  yQ,   ?£> in the ^4 systsm. arQ g4Y?n ^ ^§ 

matrix equation? 

'flu 

31s 

a»- 

='i  x. 
I ! 

il y -{M- - 4) 

where the' directifph cpsihes^ in the transfprmation matrix are related 

to-the Euleriaa -angles by the formiil as 

** - 

la     =. 

cos 9 cos ifj 

cos 3 sin u/ 

-^-siftt & 

5    * 
_*a = 

~h7~^r 
1 

n      = 
3' 

sin 6 sin f cos   £. # cos -0 sin # 

sin 6 sin •$ sin  ^,   _+_ GOS .$ ppg ^, 

cos ö sin 0 

"Tin 6" cos 4 cpis   </r + sin 0 sin -<ä 

.ojtivk -Ai   .A';***. -M--.J——-•/»—. ...—   -X. *l - -J.Ü v  i_>vo  »* sxzi s y _ - sin v cos   w 

cos ö cos 0 

(2.3 =• 5). 

1Vhe& the equation^ of motion contain the Eulerian angles 

_*^sy.^?P^äE- JäLip^iffBi^ti^s-.eot^a-3i--tö--@^--;ö-r
t-mej*^- ö^ the ^direction 7 

cosines. That is, the :Eul=eriän afrgJres can Be eliminated from the 

m?chani-6al equations of motion by introducing the directiph cosines 

in the transformation matrix as> parameters.. The kinematic differential 

•equations ,fpr the direction cosines .are: quit© simple and- ,have"ho inde-r 

terminate "points». This, is- the: prlnclpal gain,,.   . ,. 
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The new differ entisd  equations' can 'be derived by the foilöari-n?; 

method,     The  ti^sformation that was  introducad above- to  obtain the 

coordinates  of -a p:oInt fn the fixed system in terms, of its   coordinate* 

in the moving  system can be used to transfppm the -unit vectors  i,   3i h 

.along the-ÖX*  Q-y-  OZ; a.^es into the, .unit vectoff  iQ,   j^i  ko alo^g the 

OX  5 'OY  ,   ©Z    axe a;   that  is 
--O >01 o 

•iu.    m 

K_ 

I    i. 

ff l* 
1 - J;3 

•in-, 

•ing 

mr 

•n- 
•If 

:| 

% 

H .{,2*3 - *) 

in p.ärt'i-c.u]:ar 

i'l 

«*_ 

i- ~ ii-j, + j% -t te"i* 

•rfiff.ereiitiäte this with fes;pec-t to -time 

(2...3 V?f> 

=C o-'- 

Ö£ CM - &}• 

if the .moving axes are rotating with <m angular velocity''ip * ,35 * &' 

-16% ? # ä fcp.- iff , § - it - ®* • ^'3 

Substituting, these values for the, .deriva^veä we. obtain 

, which requires that 

H c i^ „ rnj + ^ * ^»i * pnx * 1%) + t^ - <% + ?V 

'     '"' . '"-•--" • (2*3 - iO? 

li - *mx * <|% 
'(2*3 * iljr 



p=MB 

n=*3=r~ 

•ii= ??1i ~- Tli 
(:?s.3 .= 3-^ 

11,= cl1:   --- pV 

CK 
«: ..-,       Z      4..,onf rs-p   -    a-nrf 1?   will give, similar results -i A similar  treatment.oi   0^ ana KQ «TAJ.^ g^v©    

?. >. ?. v- - 2  "         3'       '   2          "                   '                     .,     --                                                • 

r '              Sine* th«e, w>f. tteee ihdepBIrtent «««rtrtlä  equations 

* ' Waving the Euleria» angtos we expert only «*e* of these nine n« 

5 - differential -Ration* *r M independent-* %W & i*»**i« that            .. 

T" olt*infer such- a WtW> -***    »•»* « «entities «*<"• 

^ m ,„f the föf» <ö« for eäoh row; and one fareach ogl.«mn5;: 

:--= .__ .      --;       i         .. ± ^ _ 

^ There  are 'Six, of- the  form, 

^ •.     h 1& * m, H + %*fe* <H                '_   •'_   _      ^^^ 

: one for ,äch pa* of *ws and ane f« tt* pt*  Bf ^untns.    And t*** 

=~ **&. nine -of -Kia-fe**- "---•       _-.    ,-\-,~-              -    -        _   •--         •-.__.. 

.'/"~     one for each of the ?ii*ie elements„, 

^ _                  H .p,  q„ r are eliminated ^om equations- .tM  - 14* ***   ^'   örie 

7T chains                       •_  _            • 
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which of course, can be obtained from equation (2^3 

•" + n., " + ;: -. Ä f£.,3 - XQ') 

if r aaxL q are. eliminate!1 from, the; thr6'e> equations; 

1 1        - -a: 

l.? « «i    " 'qn? 

1.   * r%  - q^ 

(2*3   • 11 

C.2,3 - -i'lJ 

'(2,3 -  1.7' 

-the -equation that results :.'.s 

"-WVlS^ll + (^l"%nA, H  '^In2^2*Ä -  Q"^~ " ^ 

By means qf identities of the foffi 

5"1 = m^'%"%il2• (2>3 ~ 22) 

equation .(,2,3- - Si) .reduces to 

h   it * +2 AV+ lV-$sf= ;° LI -1 lf2,3: * 1ST 

which "of' course can- be derived from 

.». 2 - « 2    2. V ****** = :u 
^3 JU'«3--= 2S-) 

one of the Identities- mentioned above* see equation, (2.3 ~ 20). 

To choose three equations independent, of transformation .-matrix 

identities, choose equations ali of which do :npt, have the same sub-? 

scripts nor dp al'l Involve the time derivative of the. same letter* 

•mf^tMMWWVT.t R*» • 
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^|är For example 

1T  = rft-   ~ qn, 1 x        *-l 

1     = ria-v  •* on. 
2 -v 2, 

<2=..3 - 1-V) 

,(2.. 2' •* IS,) 

KTSi?js5?7 & 

h*:VS#M is a set of' ihdepeiident eajations' which with six of the. usual- ,-xdenti^if^ 

ilw   °^-h "be used "bo obtain, all. cine dcM-et-tioft cosines,     If dejsirfeet-? more thv 

'f*:|?;?A=  three differenti!?!  equations Ei-ad' .fewer than  six Identities- can he used.. 

'^^ISf'  For so.ne äppXioa-t-isr.F,   s.ueb .as. atfialpgue, ciompu-ter s-5- the- differential 

i :,:;^^   equations are .more  suitable than the  identities,,    Sveii for digital 

£#^Pr   computer-:? the  differential  equations maybe preferred to  identities  cf 

rft'." the form, of equator.? '<>v3  r- :20> and (2.5 -  2i>* 

s;*C   2.4—Computation Fr-scsc!.ura fror. Direetion_ Cosine's; 

^-A-ACJM We have shewn that the hihB direction cosines in a rotational 

-V, '•«;•: •'?',?;      " . . 
p^^^s. matrix satisfy twe-ity^oba identitries. of -v/hl-ch only s-tx are: i-nde.pendent:,. 

I^f:, ¥e have shown also that there are nine. M»nematic diffeteritial equations 

-T" 

•4 *'!'•• 
of motion-?- of which three are- independent«. As--a gr.aiid total there are 

Lcf^t|;..f thirty equations for nine unknown direction cosine's,,  It is planned to 

.»'.j^ make; use of the great wealth of equations to check on the .computations. 

'^c ^^._ahdjmak.e. ,äd4ustment^.äs^ime .gö.es on.. JKe X&ea.  Is. that the twenty-?one 

,.; b,i^Vi .i'd'enJt-itle's ,shö,uld! be obeyed at the expense, of satisfying the -nixie- 
Vp^ - ' '  " ' - — 

,^V*.'%" '4i-^erent.-iärl equations *. - * 

°^<<>;-;£ff Before dis.cüs-siäig, the plan of computation,   it will be .welll tö 

•" "''» ~ y%i-   discuss1 ;a fundamental change- that has-been üiade in the matrix*    -Spm©' 
Tiraösr 

f--' ^*t%''!.   <?+  the  üi;i\©G-tiöh -.c'ös.ihe.ä will  be  jjomputed by "Integration,«!-,,    Ifhen ä 
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cosine is larger the computation error may give ä result .greater than 

unity.  Since there is -no unity*, this numfrsi- cannot be held in the, 

machine',  indeed.,- if a direction cosine were computed correctly to 

be unity,., it: wöuid appear in the machine, as zero.*  To remote this" 

difficulty ,>, we.use one-fhäif jbhe,«direction ecsdne in each case, There- 

fore the identities 04?© of the- form 

*    * m-, + -n, - ,= i 
•«'     «*     R   ^ A (S of these) (2.3 - 20a) 

:l„ljj + m„ r...-.-'   u-„ B. = .0      (6 of these) 

I,   = Stag h, '?• :ii„ np '('£ of these) 

(g*3 - 21) 

( £  3   -   £> o« V - 

We first uso three differential equations t© compute !„,  in*.» 

n^*    T"iTe assume that the relative magnitudes are correct and thai; we 

must peFhaps apply a .percentage correction-tö.normalize them to 

l> '(which may be unity,   o^e-half or any number):  according to. the 

equation „ 

9 <-> £ 
1-     + m,,    ••¥ n. 

3 3 ' 3 M" iz& '/-&• 

Tb explain the method of normalizations; -let the computed values 

be 1;,
3, m:!:3,. ,hT

3'.    Define. S hy the legua-tionj 

.a »~    + m»?    + n'f = I? (1 + £);. 
» 0 - 

CS.-4 - 

Note, that this- can be rewritten, 

1'« 
3 , 

m" 
•9 

& v e 

n' 

i + e 
- UP C?.4'. - 2a) 
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Hence,  let - 

^rÄ>. <2-4-?) 

By using-,ctwo terms in the binomial expansion of (.1- •+ 6)"   8 

we. have,  su'.f fi'o'ientijf accurately* 

.x9*i$&»fy      •• "  ':.        •-._". '__ 

Assuming now that the,-corrected values of lri|. nu» and n~ are7' 

the trua yaluesi we precede to compute lg* m„, and n?. Let Us first 

consider §, ratlier elegant way of correcting the computed values and 

thai se. shall shpw that ä quicker way is almost &s  elegant. Since c 

we have no way of döci'd^gHnrhSöhr^s ß&r&raecurate. We. choös.e to use 

the- quicker method;*     5 ;   " ,.. 

Let. v,s  compute l.|., -m£,. nF  from', three more differential•equation c 2" sz:   Z 

Let us how consider the two vectors. 

r3< = ,.t 13 + .n m3 + jc h3 .... _        §&,•&. - S), 

T*  = i i* + j n£. + k -ni ° (2.4' ~ 6) 

The, vector r„ has a magnitude.-,-i». The TRöc-t.or r' should have a. 

.magnitude H and sho.uM ite perpendicular to-r^ If r' is not perpen- 

dlcular to r3 it -must be, rotated through- an- arigiss that will make it so. 
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r    to be the tr 7/e have. ;arl?itr,aril'y .assumed the computed .direction, of 

difectiohv    Now it seems- reasonable to- assume that the computed 

.direction of r^. .is' very nearly correct..    Eh.eh• **  should be; turned 

through as  small an angle as possible, to. make it perpendicular to. r, 

To do this* we. need- look- for r. iii the plane of r^ arid r^.. 

ue< 

3s 

She, scaiars a *nd b should be selected to. make the magnitude." 

of r§ equal tö M,. and tb, direction normal to- *g. ^in,, that ^ 

_ original^ computation, *** gPQd, -the errors ars small W t*e ,?rreo. 

•ti'bn-s a, and. *. should be small. 

^       Dohne. 8i and £,, .by the equations 

; ; : H h + "k «* * 4*3 ^2 h . _:; _ ___ CM 19i 

We may write r^i-ii. the f orgs      ' " 

= 1 [ 1%  * a) y. + !b y; + j [ (I * a)- n£ + „ ^ j      ' 

Since rg equals M in, magnitude ."  '   J •  '" . " 
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Hie» this *s sanded And use is mafe of -stations  (.3.4 , 1,8,0) 

the result is 

fl. •+ af (1 + §  J. 4 ft .(* * *>      % * # e 1, ,<M v ^ 

' • If the, errors ^ and £^ are small, thw corrections a and b 

will be small and we assume that it will be sufficiently exact to 

neglect second -degree terms ta ar bs. 6^ eß% **therefore,obtain  

  ^ .•*...'•*- äf * . ,.._ : (:M-* **)- 

To obtain ä value, of b we mak.e .use of the: fact that, r ia ho;« 

t.P r3.  Therefore 

•eel-*«** + by i_ t ua + a)^;i^j ^ + [(i + dnj + *^.0; 

(2.4 - 15) 

which reduces to 

lecti-ng a 6^. which is a second dsg-ree^term^ - •* " " 

V ' u tS.4 -, 17) 

As a. result, the corrected values "may now -be written 

o_ 
1=1' (,i _. ^JL), -.i.e. 

l-, -  ' "£' 

$   s    ..?'.  . -3\2. • '(2.;4: ^ IS): 
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The cor*-0p.tiön, involving £,   adjusts the magnitude while the, 

correction involving- £f  corrects the  äl-r-jct'-:../» of-rö„    The results- 

abtained show' that: to the f'i^.s-t -order either -correction .may be appli.ed 

•fi¥'st or they i|a-y both- be ,a.opii-ed fcög-atnep:. 

As- Liehtioiied abovej   there is a second ma"2'-  •"'  Pf orthogonalizing, 

•'ihat .va find preferable bsc?äus,e it' is -epiicfce'r.    1-.-. this: method we 

assume that the computed v-alaes of two of 1., in*»  n« are-"correct arid  

adjust the third to -make; r>> perpendicular to f -,    Assume that n„  is 

gj.-c:.-wsr the.:? either 1    or m3r then we compute 1    and m^ by integrating 

theu.' differential equations; v/e then deternihe__nft from- -   -**         — -                                       -                                     "            2 

Nöte that if m had computed *| from- the Äf-rs»tiäl Bqüatio?. 

we --v^uld have  -~"~ -     - 

i2 h •'• m2 m3 +  »| % = %  >s- (2,-4 * 2C. 

^^ _ —  ,_-. -iBvi-K.- 

-Ä h + m
2 % + n2 "3 =  $ (2.3 -  31> 

Therefore 

' *2 "• *2~ 

£3#   ' h]> % - g3 &2 

°(2,<K - 21 > 
"       -                *| 

^ r"3 

!3/ha-t we are döifcng amöühts. to making a cprr ectlöh of" 

toi -a p'önmu&r-d1 value n1-'. 
__„  ' " . ...;J2 
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Obviously if we decided to, correct It Instead of n' the -„ ...... -Ä   _ .. ..g   .  .. 

•correction would be . _ — 

2 
S3 'M 

o" 

i;o ma-lce the Correction small we make surä that the- largest of 

-3-* %*' ^3 aPP^rs *A "the denominator.    This will  also prevent us 

from being embarrassed by ä sero in the denondnätor äs might occur if 

jwe decided to correct no under all circumstances* ~~ 

After the direction of r    has been established perpendicular 

to' r  » we must now adjust its magnitude.   _¥e precede, as ws- did for 

r"   =aböve. 

Let l«^ + m^> n£2 =, M2 (I + £4) .(.2U ^ g£> 

7-     ..   . g        .       - . .-•-..,.-....._-   ...  

. -• ;:ip = 1| Cl - HN; (2V4 - ?s) 

«The three remaihiiig «fiJöioÄm äärcGtioE: (.vsniiies  are .computed 

from the formulae — 

•1 M  ' • 

ng: i3,. ~ _äj lg " . 
„m„.=   -••-;• ^.~-.-.-~...rri:r-M. ., it.    . j _^__ ^.   _ ;_ ,=_-US-«it_a-Ä4J.- 

n    _      Z   ,3- -    5 - S;-- 
1 M: 

which do not introduce any further iha,ccur.acyi 

emesam 
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The method of > adjusting, the Integrated direction- cosine's 

t-0- -snsur-e that the twenty one identities included in, .equations 

~ v2.3 ='"S%~;sl^ 22y; are satisfied' d'oes not maike. a corresponding correct 

tioh on the integrands. We; ;ac.cep,t the fact' that the :d-i-ro.ction. cosines 

need correction;; therefore we should agree, that the" integrands" need 

correction. ;Howevör we save several incorrect; integrands tö determine 

aubsö.q.üent direction cosines instead •off-using the ^corrected integrals» 

If this normalization and orthogonalization were: performed at 

each step there would be a small discontinuity at each step.  If 

correction is. made" only once, in ä number ßf  .cycles^ there --will' be a 

greater discontinuity which may introduce instability into. the. 

system* This difficulty is i-ntiiia.tely connected with, the overall 

problem of^ integration and no satisfactory answer to., the problem 

has as yet been devised (see Section 4). 

^5—.MoAlea-on-^-the-^ljg.öuBd*. — v- — —--„— - -'—s—. '—=— -=  

-- ' Whet}; *M airplahs is pn the. /ground the r-eactiöna of the ground 

-on the wheels are in general indeterminate, Te- .ass.ume that there wilJ. 

be enough force in, the Y direction to overcome* any tendency the plarie - 

has to move in the Y directipnv TAeref'pre- instead of computing Y. we 

arbitrarily assume that, v equals GU The upJ?arA„.f:pEci^ph-Jbhe^-threßu - 

(or two) wheels is sufficient to balance the dPwnward force of gravity 

and (positive.); :Z^r   ,A-s> ipng as the. plane is being' supported by a ground 

*' It ;has been .assumed that the r,iiiiwa.y or carrier deck is 
horizontal1 * 
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ruction,  tha.r^uita«t.^loCiijrwill be hori2ontal and ft is simpler 

xp use a set of axes fixed Up the- earth i^ead -of the plane axes as 

ref ere.nce..    ^he upward; feäctiön^f _ th^9aÄ^pn..i*e -»fieeis^-which,  

cannot be confuted easily* -has no .component in the horizontal, di- 

rection and therefore does. not. enter into the  computation, of v.,- 

Similarly,, while the aitpla^-haa- threö. wheels on the ground 

there will be ah indeterminate moment supplied; *y> the .reactions of 

the; earth pa the-wheels ÄÄwülireTaÄii^^^äl 

•4*w*:-  Otherwise the frönt whöel would dig a trench **. the ground. 

Now, the. two back wheels, are only a. short distance behind tho center", 

Qf mass,  therefore it is- pos-sible^pr the front wheel to 4fe raised 

and the^airplane runTon: the ground' on, only two wheels,     JMs  is the 

condition qust before ta&-o* .and immediately pn landing in the 

ideal ca-se.r " .....__    __..__.        _    ___ 

The two fear wheels are reacted upon by £he earth in such a way 

.  Jhat feöy tendency for rotation:äböut the horia:)EtaI axis determined 

by f    is cahcelledo     If  the; angular velocities p*   q,  f weite to ,be 

.computed first,   it would be- necessary to determine  Jiist what unbalance 

exists in the reactions of the; earth oh the wheels.     It is  simpler 

*"t;o assume, that äny remaining, rotation -of the airplane will be about a 

vertical ax^s_a^_ to _c^mpjit©_ ^nl.y.jtof-q^^ 

ground react&öhs. do not produce torques* about the vertical axis- and 

therefore do shot enter the equations. 

In addition to the in-flight equations of motion,   equations 

have been derived for-the case -of two, wheels oh the ground and thrge,- 

wheeis= oh the ground*  ^He two^-wheel  equations,, involve -V^.,, q,  and, _\p 
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whllfe the  tki-ebiwheel  equations  involve  only %.   and    $•*     The angular 

velocity; | involves a ^rocking motion, on the rear xvheels which is 

impoS;sible=ä¥%oäg as the. front wheel^is  on the ground»  

An inspection is mads to determine) whether there is -% moment 

about the Y axis, sufficient to lift the front wh.^4. This decision 

leads to either- the two or three awheel  equ;iti©hs.5 

•An- inspection Is made to. .determine whether a negative Z    is 

"available to lift "the ]5lahe*   W^Is/W^nn^ Of deciding* whether ' 

to  use the inflight equations or- the ground equations. 

When landing,   if the computed value ^2 altitude. is equal to 

or less thaft the altitude, of the limdingffield, the plane, its *» the 

ground* . It the computed ^alue. of -the .altitude is less than the 

altitude  of the landing, field, .4 landing bump, is- experienced in whlclr 

-the computed valued the altitude  is replaced by the altitude, of the 

landing field.    At the. same time that the plane reaches the ground, 

,  it M raqüfeed^that the twc^ea^wheei^ ^r^r^m:trmi^ü^^^ :" 

wMofa may produce another bump.    The director, cosMe m^is. ^placed 

V\ir    &c,\i>\    * -P_ 
if-the computed value of m^ is different from zero. 

If the. computed value öfY^ indlcates'that the front wheel; 

i-«r off the ground then two-wheel equations, will* be used.    -However 

it-m computed value of 1^ indicates, that-»he. front wh^l   1„ nn ^ 

igroohd then    3-wheel equations. Mil be  used,    If the computed value c 

Pf 13 indicates, that the front, wheel is in * trench, then 4 frön* 

wixeei bump is experienced ^ whiöh the amputee value of ^ "is, replaced' 

by the value corresponding to three-wheel   cohfect and three-wheel 

equations .af-e. used*.    " ' ~ - - 
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For  some ö.ömmehts regarding the offeci that the -changing, of 

variables during, Mhd-ing aM' take-off ha si on the  integration process, 

3.6_ PI Ott ing ..Board 

Fart of the problem to be solved by the computer is the dis^ 

placement of the. airplane from- its starting point..    For example a 

training -pr-Q.bi.9rar may-be- tor fh^rf~tom^sM%psm^ör^'0m&t    IST öfder 

to locate  ehe plane on the plotting board the  speed to <bhe north x 

and the s'peejd' to the east yff are integrated with respect to» time» 

Remembering that the digital  computer hold;? only proper fractipng it 

is -necessary to- adjust the numbers by introducing' R    and R as maximum 

•expected displacsments-i "...*. _    -    .     _ ~      ----- -—• 

—-_      We- could; equally well use polar ~ßöör4-xnät.es say w'ith the origin 

at the point, of starting the problem..    However if the plane circled 

the field' several times s Ihe, „ah&Le .CAor.dina.ti \;*u=kd^£p.p"e&s- to.- inc-rease- 

giving several coordinate .pair-a for,; the- same point in space. ' The 

=a;ig.Cxal "BpT^uter^TTFlTs l^^r^ä-ting tcT note*  takes  care of this 

apparent difficulty automatically,     If we let the angular' coordinate 

be. equal to         -'- - 

•    "2* 

and if y   were to increase, te 2JI the, number stored would be equal, to 

zero-.    There ivoulü be.ä duplication however'because vaiue.s 'of ths 

angle: -coordinate corresponding to y<   betwe.en ^2jr and +'&;  c;ould be 

stored,.    This  cuts down the number of coordinate' pairs representing. 

«faWiS*Ä59BB»KfSfti5fc-^»M»tr^--X'-'*w«r   - 
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the same point only to two* 

Because of this remnant duplication and' because of the fact 

that -bjtte equatiofi- of a straight. lins,, which' is needed in radio, rarige .„ 

repres.entatipnj is so much more complicated in polar coordinates than., 

in rectilinear coordinates, no further considaration is given to, paJa 

cööfdinät'es. " .. .    f 

Knowing 'ths^lmount ofIfWl^ltlfS 'aTirpI^ieT i^~ carrying ran. estjimsST - 

o.O maximum cruising range, can be made,. If Rx and Rv are slightly mor.-. 

i'.han this' -maximum range then a computed value of XQ  or yg  greater 

than l/S would todifiate that, th£ airplane could not return to- pointy _._ 

of take-off,. However, because of manoeuvres and. possible' direction^ 

 o.fjt^yJel^Jbhe...fja:c^^ than 1/2 doe.s not 

—   imply that sufficient fuel remains: to return.-' 

to include radio range simulation it is necessary to know the 

      location, of the .ränge transmitter- aaidLthe.£iAs_cti©R, of the beamt for „ 

an omnidirectional radio range the instrument information can be 

supplied by knowing the location of the- range transmitter and the • 

location of the airplane,. 

For radio compass indication it'"is necessary that, the .löoatlöi| 

of' the transmitter and the heading of the plane be known. The di- 

rection cosines lj and lg contain the information regarding, the  " . 

.heading*      .. 

If thore is, no wind xö, and y0. give the speed of the plane 

relative, toJböth the air ,and the gro und. However:, if'there Is a" 

•w-ind the wind -components should be ikaken into, account.     .... 

__. _ "___5ö!_4°_ this xn, .should 'be inöre^sed' by th.e.north tfegmpghent ©f.  
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wind vs-ivo-ity and y0  should be increased by the1 east 'component, •of wind 

velocity.    Under these conditions,  for long distance fli-ghtv,, it .might:- 

D'e" ne.cessary "co use- .larger vaiueis or a.   aria it •« „ ~- ~ 
0 

Iriekusi-cm, of the,effect of wind in the grourid_eg.uations is ____• 

complicated by the fact, that not only may v be. different, from zero 

but v may become- much larger than u and w. However,, if take-off and 

landing always are into the wind; then the- problem becomes somewhat 

-simpler* A take-off or landing across wind would be, disasttpos te< the 

air-piane-, and if these poss-ilbirities are eliminated, the, <pfobiern can be 

hahdl4d-by-the^nte-thpd-of.„D'uttandJby_ass.uming..asha-i. the cross-wind' v'has. 

no effect on the lift and drag of the. wings. 

At this time equations- have- hot been derived to simulate radio 

^ranges and rädiö cömpäsj indications* Neither^häs -the. effect of wind 

on the ground equations been taken into äcpoün;t» 

^'gt'?', -' Ld-s-t--^Qf-.liamafeLons.. z : ^_._  _^_. - ._ ? _ -  -_... --_- .- 

Ä complete list c? the equations divided into ä number-of" 

sub rout i ne s f o How s -. 
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Flow Chart of 
Compujfc-aifr-isn Rouojbne 
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C0OTREED    I-3MF0EMATIQN 

* S=e < Ö..-91 

ea < 0,472 

V < .0..091 - 

<- 0V28 

% 
= 6 ör 0.2651 

,-.a 

% '^ Q.ör 0^9492 ' 

%: ' ,s? 0 or' 0.03107 
. 

s. < 0.0002665 

S^j    =    .-0 or Q.-QPIQ7,3- 

§Fh    a „. 0 or 0-. 004455 

-%b__? ,.a_of:J3-. 00.4^5.3, 

S %1 0 or 0.004448 

%lf   °"    :ö'"$j? ÖV004448 

6 or 13* 004448 

S. 0 or 

JNTÖtÄ^-- w«- 

body tanks. 

-*, 
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'ffiAN§PQEffläftT5©NS 

Varlsabies mapked' with, the star are ERGO  or actual values 

* E* ~ 52 "h 

•<j£ ? 1-6 -q. 

• . .0, 
r    ~ 8 p 

?.* . • r ? 4 g v 

irM   — 3 gv- 

w* -"• 16 g w 

•=Og\ v- 

N+*= 25_6 WM V;+ %   _ _  

Zt*= .128-%Vt Z. 

q* - 

U' *  = 

q 

-r 

40. g u 

v* -      20 g.y 

w* ~ .    20' g"w- 

v* = 128C g h 

Zi"* * % J-x 

^f^Ir^z 
w* i 

,** = 

w 

•s % Y 

Z* = Igg % Z 

ir = 2 lg, 

13* - 2 lä 

m2* = 2 m2
r 

n-< 2' m-< 

n.2* = 2 ii 2 

n * = . •2 n- 

_j l.on.  — 
tt^   = --'-VJSi a 

7T 
sin a = -K- 

"- --    #V+ 
cos a  =   -Ji. 

'   iq* = 40 ,g x0: 

¥:o* s 40 g |o 

"Ä x0* = E-   A *<y 

>    ^A y-r* By A y0 
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T*.    s    %*' 

%*=   0.Q3232" ^.FBB 

-FB]* =   0^232 % ?|i 

4<*  - 4> 

Rx    ?=    range in xQ direction  (North) 

JU    =    range in yp direction {last) 

.Wjjf   =    I50ÖG % 

Wa*:-?-  8655 Wa 

d*      =?    d 

rr   ^_ iDUUO n 

  
8^d = Q.003728 %/    . 

** 
"f4 <    75^ •5fd    *    0.28 

•'*-'Sa    - Q^031#i 

 .%-   = 0-.-CO3639 

ö e 

< . 15^. SA       *    0.47-2 

Sr      <    0.091 

' •  -            ; 

 _ _ _-^-^-__f 

—   - sb    = e-OlSllh -      --=—-==• 

-h0* =    3:5000 n:o 

^.* =    SO #t  . 



SIJBROUTINE NO.  ONE 

 • E.;—=  

fcy. =       jä£L£-    /•      yp     dt 

*ix      -    /    h    ** 

AWftl*    - JCSRH-0,3600 SM +S^.   -    S&.   1   dt 

4 %I •     *•  J C  S|yj *_SJ^    s  S^  ]_dt 

Äla^:= -J:_£ £A. *t 

VJ * 0.613. + Wft, * Öi-3600- WfW + 0*4437 %. *-    0,04171    bijt 

w 

I    i= o. iggS' +    0.:f94£ W^ 

12 = ©S-40Q- '+ %# 

BL  » V*  + 0.1471 fc-V* 

»=3IH 
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SÜBFÄJNE JKfe Cm 

För    0 |: Ma S    0.4613- 

©^4613 < •%_£   06962 

0,69.62   § la- 

in =• 0.'623. * 0,')'7154 Ma 

m s» Q>g5'6'- + 0-6769   (M^, - 0/4615)' 

& s" 0.815 -   (Ö.8486;)   8^  i(Mfl - Ö. 6962 

Fö? 0: § Mg g Qi,6Ö92 

0,6092' < Ma S Q.,6962 

0.6962 < .14 

a = 0.1052 

a = ©V1052 + 0. ©8851   (% * 0.6Q92) 

_a_= 0,4822 +^.9025j(;2!L   (% -* Q-,6962) 

For 0 % iL g 0.5222 

0.5222 < M„  < 0.6266 

For 0. g Ma g Ö. 3431 

Q,;3481 < . M' .R 

b = 0,6820 -(=8):   (©.6266 - ?%,) 

b - 0 

C = 0.09.77 + 0.4519 Mc 

P = 0.2550 + 0.9224  iMg,. •-  0.3481) 

För 0 ^ M& § 0.6962 

-O. 6962 < M> 

(^    = 0.02504 

G^    - 0.02504 + Q-.4087  -{Ma - Öy 

for i©. | -Ma. | ©r456>  , .     -tp-,^-0.1936-^-0, 5^65 #3,  

0.4569 * Ma g Ö..6992 Qm,   -=-e^4:569 - 0.645   (2)    (Ma - 0.4569) 

0.6962 < Ma 

^Ij« -    <5   IHU.   _ 
* 

—b-2- 
f 0, 7301 - Ö.70S 

if 
Art               Ii2 

J 

9L =    Ci, 
IÜ3 - -0.4966 a 

Gm2   = 0.1483 * -0.961  .(-2)   :(Ma - 0.6962) 

re- %, k * QL2 

% 
s _ 

%s 

^n?2 
•=- f ;(Ma) 

öm3 * ßra2. ^ ^&$ * 
* :0,4242   p « -Ö. 424:2 f * -0» 4242' -p '=?    * Ö.M&Z_ p 

EBB 
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STOROÜTÄ "N&  GNI 

e-Mu X^ = ~ >e^n{(:ä + ©,5006 b^. + Sfa + .0,8727 % + Kg-}  Yt 

-.4.    ttOnec—.i; A -£-"-.-  -s*—srB—•= .  •    v**vw   r   y    |    -K   H!lt)ix   +    Ö),   2---.*   -.   £   +   Kji  J    W   } 

Zt * -e^ { ;CL + 0, 1116 % } Vt 

Mfe - f'0*    {(•  0^  + ^3 * Sg .0,08549 |f.d + 0,06291 Kp- 

._ -> I860 l%jLQ3l780lKS:llt_^_:(.0.._01.721"+ - •0,43395^--)-q.4- 

Nt * 'S"1* i-Sr *t -0.2448 v « 0.009.663 r - 0,03964 p a } 

Stick forces ^ 

Tf "li < 0.3B4 

' ^ -^ 1?3 * e?©735 lr 
--i-  - 

If fa g 0,364 

Öö*- 0.548 4 

lf:<£t <..0,267 -j - £4 =<$t. £-JÖ.-267 

I )• =fv - *} dt I if **< ^ 3S4    i ^ * ö-394 

|   B " Ö. 8 <£t-0.215 |   B< ~ Ö-.-G025. •+ 0,2475 •<&. 

lf n £ 0.332. 

H - 0 

^ ~ hJÜ  n„. ~rk)  + 4©  'fo.9%5'-, »._V_.".Ä.t t_  

If n > 0.3.32 
v __ _   

I -     If a < 08.e64=      I ' n ^ G.664 

-' 
i.            _ n-Ö. 332 
•^     •        0,664*. 

If Vt < 0.338   ., j,       I* Vt > 0..338 

R = 0,00296 - 0,865 V+ 

I - 0,1328' n9 

T -"4 (HR + E' * 4 e'1* 

j: . S 7 ,0-0026:4 ~ ,0,778 *% 

If 'h > hQ 

gö -tö-'SUb'PöH-t-me .ftp. .Three 

If h < h, P 

gö' t.ö. Subroutine; No, Two- 

tWBSSOH 
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SUBRQUTE^NO. fro 

Plane on ground;, take-off decision 

-   -  w +2TM 

Compute and stope.   Z^ V-^ 

If If 

——go—to—  - - --  go to    -  

Subroutine Ifo<* Three   .„     Subroutine No. lour 



_n~_ *_£.= 

1 

2V35. 

SüBRGüTSvS NO.   3ä 

f ? 2' #ns  + V n?) 

V = 0' 

- "* = fti, + vt ia)]2
2 ' ~ 

äS 5 0;  r ..,...-' 

I2 - -2(mj, n3  + mi n3j- 

fog ."   (in-i  W + m«  -GT ) ., - ,  .    .    _ . 

a*""* g ".{1-f ifi* + m* 13) 

Tnis subroutine lies between- Subroutine Njä.  !wö and 

Subroutine. No,. Three* 

-JO 

I 



—wjjuiiu *.min w 

SUBROUTINE: KD.   '&$&$ 

h  * e%hk      {  (la f Q.I4XI .8,*> V,  + 0.591« v'S n ^^^ * 0.,,_ ->w ,-4-   /"^../^mncr*.   -£i-      __    A 

-    ;-j--   ---       -  -     ^  ^  V-V.-- ^- d/t 

y _ --^        dt 

"   ...     '        i|        " "    ""     -^—•—t~t- d,t 

-ÄÜ----JL-JL- I •&.-* + g^ ?)   -,# (Qv6g5 W  [TO = wjl^g* Z+ *        -1-1 

ÄT s  "TZ ' j-%^ +>T^ ?S  .(©.15625 ur *0..625~*$) 1    dt 

V+ =    u + i.    wit \t2 

!s - / -f > % * '% äS ) at 

®» s -8X'( .p. ns ^--u-48-"i &*' - 

n? • S/|-|-q 13 - p. m3  )   d% 

_         _ 4 

•New Aä^LjSLja^-(i-a-g^-V 5s-;- 

New a»*.2 n3  (%, - es ) 
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'SSBRÖU2.MS- NO, THREE 

If   I nj < \ lf If    \  n.  t    £    1 U 1 

if I £3 I > T m? [ 

Pi^'SJ (jpnj ^-gp   dt 

a? ^8 Jl*^ «*pm?)" dt 

WfTWiT Inifflj  ~ \n9\ 

la * / .(rmas,-qn,
a)'  dt 

na * S-Zf3^- pma)   dt 

ina 
x..       3? J^   ^.j*?* 

TR3 

[nai > jmai: 

,12 ? /(rma: ~ qiia>}: dt 

ma.. s "6Jr;(pna -"#)•  d't- 

jaa «? » 
la  ^s * ra«ffis 

,s--2-=-    (la
2 -*   mi- -+    n*8)  - | 

New ia -»• 2 12   (i - <?2 ) 

New rna = Z ma   (s •- ea ) 

New-na •? 2 iia. (^ ^ ea ) 

Ij. =» 2  (ma n-3 -r  . m3 na    ) 

Ah » 2"6 / h. dt 

JJP—h-.* -.h*- 

go to Subroutine 

-If-"-.hi - :£-   -h* 
• - -.      LT       r-     -"» 

go to Subroutine 

•No.. Nine. •No.   Ten 
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^ 

NO. wm 

Plane- oil .ground,  brake equations and landing 
JS.'fi ^*~T •O'.'l.ßM ."M/Ä ,0._ »W»'      -K/» 

TB      ='      ?BR - %L 

Pi £      -      &,M§3- (FBR + l^J 

If 13 < 4 sin 5° 

go to Subroutine No.   Six 

If lr     |74g^k' 

gp_ to 'Subroutine No., Five- 

"^»^t««!.*. 



®*&9 

•:SüBROüTINE NO, mm. 

^jrane on m&m&f fectsion on raising front wheel 

W 
9 —    25f   +   i Vt %    +   t Pr  ( jz - Ix )    , J).Qß55g K| 

üte and store Yt Mj. 

If   V^ Mj.      >      B IT   Vt.^      $     B 

go to- Subroutine No Six go^ to Subroutine No. Seven 



a-4'0 &<*-* 

SCBHOOTÜffi K3i   SIX. 

Pläne on two wheels 

4 % e / £ -f JtJkzi Öfät^ B; 
a©> w 

.at 

& ^ 
r    ^ ¥t 1.  t ^ - 2 r q   (  T    . j    ) 

iz n/ .*• ix 13
2 

at 

A q    = / 
64 Mt ?r 8 p r   (Ik «  Sjj} *   (iW+32 ^ZJ;  ^0,06532 S^T 

"~ -'if- 
at 

A 1?. =    -i -/ q at 

a     *   -a ig, 

Go to  Subroutine No-*  Eight 



8*41" 

SUBROUTINE NO.., SEVEN 

P-iahe. oh three- wheels 

f    t\ "1   ih    V.    a,   r\   OK   TV /1 
-Vt  -   '    "?l^J* t  Q.S5 g' tjt PQS' S°> * <M FB dt 

w- -    -    • 

=y 
s / *4 % %4 % ; 

l? (*  cos 5°)2 4- I    (* sin §°}S  

Go to Subroutine Eo^  Eight 

MMS 
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SUBROUTINE NO. EIGHP 

Plane on two; ,or th£ee wheels 

A lilt      rr     ^ J^ -,£...ät 

A nil     ---*• ß m^-^rrdt 

1    1^   +    m/)   > i 

-Kew-p i--= - -an-. ,Q, -- e-jr 

New •m s  * 2-m*  {| ^ €  > 

Go to. subroutine No>.  Eleven. 

»gamM 



^.FOTFi'IISE NÖ,'NIKE- 

=P3:8üKr~in fLi~£"s]j^r:ni-itsG'8-jrj?3nsGu:S' 

Ul   =   2    {'lls- is. -* T13   1,2;  ) 

Xp. = 2 1t u=   +     ( iPi Y + n.i Ki ) 

l'o, "= "2 lr2~"ä    +    T~fi-2 v + n2 w ) 

For Ö. g b < 0. 3 

For Q. 3 < fc g. .0, 7 

For ,G, 7 < ii- *  1 

Gö to. Subroutine No,   Cfie 
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h   * '•"O. 

v    =    a 

tUg.   =       0' 

-.    i      ^2 

in« • ü 

•03: 

Go to  Subroutine No. Eleven 



SUBROUTINE NO.   lOa 

n«' 

... _   n   / n-3 £• - r n3 \ 

Is- - I q 

•     .   1 
*.-" -a n> 

rti2  - iftj, w 

m! =?^-m2 v 

This -subre.ü't.in'eT.i'e's "between'«Subroutine ;Nov 'Three and' Subroutine No. ICH 

asanaea» 
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SUBROUTINE NOi ELEVEN 

Decision oii front wheel bump 

If la > - § sin 5°   ~   if  1„ g ,. -| ,sdn gö 

"^to Subroutine No. Twelve "#> M  Subroutine JSoV TMrteeh^ 
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SUBROUTINE N0, -TWELVE 

j 
.. .1 

Front wtieel bump.. 

B 

1 ,_ J _ cO 
"5s sin «^ 

n%  ^  f cos 59 

d   =  sin '5- 

Go to Subroutine -No., Thirteen 
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SUBROUTINE m.   fH-iRTEEK 

, la    ?= -5"2 mi 113, 

Hi       =       -2   lg   IÜ2 

f P     -   h  ty   X« 
I 

1   - 

I - 
,      ' - . ?      =    2    yt-   aa 

Jf     ^s^Jg^JU- 

x0    =    2 V^    m2 

Xe>-    ^    ^2 Vt nii 

r'-^--'--     •--•-•"-  --    -       .  g-Mr£—g-hök ^   -- 

So* to Subroutine No* One 

*'"TffaBii'Brif n TUT 
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A__ OCMPÜTER CONSIDERATIGNS 

Tlie airplane equations, used by the Engineering Research. 'Company 

in the construction öf their ^aiogue simu^r were preschtet in the 

preceding section.     The discussion there was confined to the adaptation, 

of the EEC©- eiquätioas for digital computationj     In this .section analogue, 

and digital Computers will be described -and compared with special 

emphasis on charäc.t.e;3?isi>rcs pertinent to simulator design*. 

Ix-is1 instructiveTir~sTtö~ enumerate. the^r^heiföt^Fop^tipis" 

which constitute the computation, and solution of the ERCO, equations. 

From tie algebraic .point of view,  these processes may be listed .as 

'follows: .—-_-- 

1, Addition and subtraction ___--- - - -- ~~~~~~~ 

2. Multipi-icsticn, and division. 

3. Evaluation of polynomials 

4. Square root extract ipn 

5. Confutation of functions,  namely,   sine and cosine-,  arc sine 

and arc t'jhgeht,   exponehtial 

§,     Solution of a set sf ordinary nonlinear Hß'ferentTälequjstiens 

Whereas a sharp delineation in order of increasing complexity 

would be difficult to make,,  it  is clear that the operations   {1}  and (S) 

are fundamental and rudimentary while the process  {.6]_i^j^corapJ:e3L^com-r.,_, 

pösTte routines 

•Ehe algebraic notion of ^operation^cpmpl'exity is aliiiost immediate- 

ly applicable ,t,o digital computation.     On. the other' hand,   it .does not 

apply >at all when the computations are me'hahizeä by analogue techniques. 

-Because of the many variations of analogue d&viees.;   the discussion "below 
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wall be limited to those simulators of which the E3C0 system is an 

example.    The description of digital eemputers will likewise ;be limited 

later to äpeciätL types.     It, is believed,  however,   that the basic con- 

siderations to be illuminated are almost completely unaffected by this 

specialization,. - 

3,1    Analysis öf.üvlechänigatiöh Requiremeht§       ~    — 

The first decision which must be made when designing a calculating 

machine is the choice of a device to represent the parameters which 

occur.    Thes§ parameters will in general consist of' constants,  both 

additive and multiplicative,   and öf Variables.,   such äs a9, b,. a.nd'rx*. v.e-r- 

spectivelyv io- the expression  (a- * bx}..   - - -   - 

Nejrt_ it_is nec^s.s^^ 

forming the   (algebraically)   basic operations,   addition^, subtraction, 

multiplication arid division,   listed as,  (l)   and  ('2): above. 

Finally,   it is necessary to devise apparatus for performing the 

remaining, operations.    The-latter-must be. divided' into two, groups which, 

at least mrchihe^v.'-ise.,   are- ;quite different.     The. first, group consists 

of trie processes   (g),   (*4j  and ,(,S),  or, more generally,  the .evaluation of 

f\inctions„ which we shall find is, a relatively straight-forward matter, 

o-x^c- sccon^. group cons'xsius oi   i/u's 'soxu^iGn OA- e^ua^-iOns,  o°x w.ui:Ow- process 

(o).  is ah example' and which makes considerably more serious demands, cn._ 

computers,  both human1 and machinle> 

The mechanisms used to perform these operations will how be 

described in some' detail. _ " — 
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•ZiiZ..  Mechän-iization of Parämo-t- er s 

_      In analogue computers (pf the ERGO type) *etgttne*gr» .»_,* ^^  

sented as voltes.     ?echn*cal considerations necessitate sestri.ting 

the voyage ränge between upper an* lower limits,  usually an equal 

»oltage above and b«low ground,   e.g.   *50 v,   aud -50 •*,    In ^der to    ". 

at:W «• precision* for- ,aria^, ^,tB^   a ^ ^ ,0%onn£^ 

W^all Yariables:  that I? ,  the full range of^he variable is repre-'"" 

rented by the full ^ volt rahg§ .vaile^e.    »lisaMon ** ä^ays 

be permed by altering ^tiplicat iv. ÖGnsta*ts;   e.g.   if -ioo < x«KX> 

•and iff y - -o..ix be Squired,: then one can writs y ^ Q lx * & ~ : 

-"/ '" 2 "    (0.1   X:   2);    X     (|}:    ,   w ^   x3^x);       ^   ^   ^   ^   ^      ^^ ^ 

The representation ^^riabies^s-ef^ec^ed-by^e^^f-pö^äti,-^ 

Peters,    For example,  the variable, x is shown in FigurB 3.2-i to be- 

resented by the voltage delivered to the^adjustable arm of the- 

;potent±ometdr Pi  -""~'       -       ~~T        ^^ 

Because the arithmetic processes are perfprmed by current 

^    ^fion>•hi<* ** the quality, of being sharply 'defined,   should 
not be confused with accuracy,  which, is «* 9u,lity of being'free 

Jrom, error.     For example^ « fou^igi^number correctiy^cc^u^ 
Z^I^^öa^t^br^eBa^^ _"  

o-aigit number,* 

Ä measure of the precision of a representation j* the number 
axstxnguishable alterative* fronr^ch it Was selected,-'"ttoe," 
a four digit decimal representation xXxx has -a precision öf o*- 
pact in, 10 \ '" -"' 

-Jü.--^. 
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, summation in resistor-s (theoretically of negligible, resistance), c.önataats 

r   ^ are represented by resistors' vixth, large fixed resistance v"alu#s^__JP6t  

I     ^  ———-    ex-ampte:?.  ia Figure 5. 2--1,  Rj represents ah additive constant, by determin- 

ing tue component U^ * f^ & '**«* S^ent i flowing through the (small) 

gumming resistor r.     At the same time .Eg  is a multiplicative constant 

which determines the current  %% generated'^ the; variab:ie voltage x-frcv> 

'from the potentfomet.er^^qjb'hat _ta ==A^x-i    Briefly,   then,  ffie^curfent 

i = it + is = |2~+ i-x represents the. function y =   (a + px . where 

--  = |0 and b * JL   ' 
t2 *i R, 

Several significant rem°T=v«  =r.^       ,   . .     . 
.....      retries are now- m order.-  fete first" teat the 

«"*. X. -» „preset,   „ . eomwous ^^  my ^ rf ^      -     ' 

" —- speei«t ^6tl, ^ ^ „ ^ withja a ^ ; 

range of-voltage because *+ •*„    u     • 
. -. because ,t ifl physxca^, imposöibla tQ generate infinite-     ^ 

ly precise voltages, or to manufacture infinite - 
-~~-      - infmztely precise potentiometers, 
Although precisions up to one part  in lö8 can h*    *+.'"'    '" 

in io,   can he obtained in the'* labora- 
tory by exercising extreme care,   the precision «f        1 ^ 

-.   - -                             •---           -       -•"   "e P^MiOB of analogue- simulators i-, '• 

**"* ^ SSnM t0 ** P-rt  to IG* or at most 10«. 

'Secondly,   U shGuid be aet^ 'wwn^t • 
fle m«oa°nization process- is one_ 

involving an appreciable amount, öf " läb-r-    wi   ^- """"      ] 

 ^ _ = •        ia^^aclud^^hl:precise^ra&asure i 
ment^O^Mstoxa,.and^::h^J^^^^-^^ ^ _ : I —. T : 

care«*,    jach parameter must be incornoraw 
.      * Y incorporated separately;  moreover.: if 

-the variable xfe ri,-»,,-.^,  -*   ".     - 
- -        - re,ulrea at mere thai, one ,ciM in the simulator,   it i. 

«•»* ^ « ^ separate «rf,o repreaent"«~      '   ' 

•fjfiwiwLnsia 
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analogue system is inherently r sdmultanecu':? or "parallel" system, ehe 

in, which ä separate unit Is provided for every parameter. 

Äs a direct consequence öf "~thT.ar paraä'l^l^c.onsfrTuction,'" ana-xsrgcr 

siffiulatQii?s lack flexibility., Once a system is assembled to perform- a 

liven task, it. is Restricted, to the performance of that task.  To alter 

it -to-:perfes-ia- an • ^p-reciabiy. .dlf.f.e-r:5f.t -task wpjuid, ije^ah__^dertaking..of _ 

cchsMe-rable -5ia@f-itiüde^^"- —"-" —-~ .~z^^z^-- .-_-- ---^-„_—=. ^__ 

In digital computers, parameters are represented By an-, ordered 

sequence of digits.. In most cas:ss it is understood that each-dlgis is 

-tor=be multiplied by a number ,ör  "weight" according to. the positipn-p-f 

the digit in. the, sequence.*>. Thus, the parameter A-, which happens to be 

represented by the sequence ^ "än_1 äjj„g~—r*-ai $o>  h&s ^e Magnitude 

A *  ^ a-; w- -       - - (3.2?3") 
*•*-  J. 3. 

where the weights, m.-, are implied fJrpm previous information. - In most 

cases,, the weights are .given as powers- of a "-radix" r as in the 

expression 

c =  .(given)   integer. 

—r-r-^-^-Vrr:^-;?--—*• '--«' -" •t-Wr.    ,-~nA'-;--v    --r».   A,r - Hj.". Ö n/>-B—-(S-i.CJ-t".     fi~   --I'S - J.I1    Xlie    CleCXIUetJ.    oyoi.rau--'UUV/   .A-WJ.-.».«.    *     *>•- *y.l.      -    T--C>--      -j   ^w 

restricted to the set 0 through 9,,   and the constant c locates the 

decimal point..   Thus,-  for the decimal number AIQ = 05.659,  n = 4, 

r' = 10^e = 3,   and A10  = -6: * 10? + 3 x .10d + 8 * 10"1 ••+• -5 x icf ^xiO-"'. 
. " (B.2-5.A 

I=n most, digital apmpUtera of 'recent design,   parameters äre repi-s- 

_ 
1 

I 
" *"VC^       ÖTSa i "&:**>"$se_& .in some detail in 3?>3y8; 



S3 

5-7 

sen-ted in the- binary notation-,  with, radix r - £.,    "This notation is    " ' 

particul-ar'ly simple sines the ,£igit-s  3-.;   are restricted to only two.' 

possible values 'tf' and "I'V  Thus;*   the    number A2 « 11G1.1Q0 has the 

"CdeäiinMT'&isnif rrance"     : " " 

As>  ~  1 x S3  *  1  « S2' + ;0 x £ +  1 + 1 X 2""1 + 0 * .2^' * 0. * '2"~- 

It  is generally "-frei i-e-veä that the simplicity of the bi-Aapy_^tömJ^nvy__ 

it-self "*i?ä •digital mscham^zstipn,. -since such mechanization most  frequently 

utilizes^ devices .which have two stable states,. e,.g.  high vs.  löw^m^U^, 

open vs.  closed relay  contacts,   conducting vs.  non-=cpiiductiv§ tuj?es,___ 

pulse vs.. no pulse:.    The discuss ion .which follows will be^ restricted to 

binary machines because they are inost amenable to clarity ,of expos it ioii, 

Jut__thj_rj>n^^^ 

Lt has just been pointed put that binary digits are mechanized by 

means--of bi-stable devises*'    When used in an arithmetic unit the latter 
v 

are coi^oniy-referred tp; as binary 'cells. In, ©n§ class of digital co:-^ "; 
*      - 

puters, a single parameter is= represented by  a set of (h*l) binary cells. 

•called a register.. The magnitude of the parameter is given- by the. 

states .of the binary cells, the digit value a.- being determined by the- 

state of the corresponding' ceil.  The binary point (t;he value of (c) 

ira '-:uüiit" ihiö the ;mach-in;s". Since 'afiz,äri.tOanet--i.c„Hnit. which, utilize,?  

'(h*I) • celled registers usually' provides transmission pf the digital 

information over (h+l) separate lines, it is; referred to as a par3l>ei 

unit. -    ° 

Clearly, since, the number öf .-binary digits is' independent of the 
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location of the binary paint, the precision is. determined only by ..(n+1).^ 

and is, in fact^ ej^öj^byj^^ 

can be -obtained by supplying a- sufficient number- of binary cells* :@a 

the other hand* every digital computer requir-ej3 at least three, registers- 

in its arithmetic unit, and the associated equipment rises rcughly in - 

;pröpört.ion, to (n*l)\.  Consequently,. the, size;, and cosjLjp,£_a^p.aralle3.  

arithmetic unit, rises appreciably with increase of precision* However, 

-* where pnl-y low'pxecision is demanded the size and cost may proye to be 

snialler than in the serial unit now; to be described. J = 

£h. ä geriäi arithmetic unit only one bihary cell is provided for 

each parameter. The parameter digits are presented tP the binary cell 

©n;e at -a--tints' and in temporal sequence, with the iöwest-order^digit a^ 

leading and with the highestfordgr digit a^ last to leave. The weight. 

W-- is here determined by a clock whieli "counts" the digits as they pass 

and simultaneously directs^'.tire eemputer to-establish ä 1-1 correspondence 

.between digit j and "machine time J/j. The rate pf_flow_pf digits-must 

be synchronized with (and is usually synchronized by) the mäster clock; 

this rate' is, referred to as the. pulse repetition frequency (PRF) of the. 

computer. Thus, the. computer requires a< time interval t - (n+l) x PRF . 

to scar, each parameter 'as itn£l<^s-1>hröugiir1^ie binary'celnL*. "vieariy, a~ 

serial machine effects a-savihg, in equipment (at least, where^ high - 

/ 
,/ 

precision is required) at the expense of speed of »computation, 

Regardless of the organization of the .arithmetic un-itj   it would 

be folly both financially and teciraicaliy to attempt, to. incorporate 

enough registers in the. mächin& to .store simultanexjusl-y al-li. the 
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parameters required by any one simulators    Consequently every modern com- 

;er -includes an internal storage unit- or memory,,, and operates by 

.selecting a parame.t-er fresi. its meinG'ry only »-hen the piä-raifietet: is. r/aqulx-eu, 

and- By returning the results, of tne operations of its ari-tfimetie unit to 

the. irieiricfy äs' soen äs tijeir iitmedlat.e .usefulness has expired« . _ . 

A computer mamory unit nay also be classified as a päral-lei. or a 

_sj?ri_al JLexicAi ^_A_pjirallÄl^meräoxy^imlt— is _one_.frpjjL.whiah„all3.igiis__c.f  

the requested p.aBar.ieter are transmitted simultaneously ever separate 

liners to the specified' register in the arithmetic unit,   and similarly in 

the/- re^rerse diregJion9, __ A complete ;paraireterlAr^ansmis_sijon_ is^ thus.  

accomplished in the time required to transmit Only one" digit. 

A serial.    memör^üni^ilT^ive from, which the pararneter^digits are 

remövea. -in time serquenee_^_±'itfl; cyer-ohe' «Liner    It does not fqiiö;v?f 

however,   that the time,  t&i   for access to a parameter is equal to; the 

time tt *   (p+i)   x PRF required for transmission "of the   (n*l);  dlgi*& of 

that, parameter..    This  is hecause serial memory units are .generä-ily "ei^cn- 

-iatory" in character,   storing parameter digits in the form- of -a time 

sequence of pulses.    Two examples of such memory unit's are  (l)   acoustic 

delay lines and, (-2)  rotating -(-magnetic) drums, carrying many "lines" of 

information.*    Technical considerations decree that the lines be long 

ehe ugh to accommodate many- ^parameters  .(.say m in .number;  m»l) s     'Conse- 

quently,   in order to read- a parameter into or out' of the memory it ia 

necessary to indicate  in advance whie-h of the m locations v7it;hin the. line 

*    Although other kinds of serial memories are used,  the succeeding 

remarks on speed are applicable v«.thout -major modification. 
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is  in demand    A, time, interval 'tg is required to activate the humber-s§-, 

lection equipment and s< second time  interval t# is wasted in waiting £or 

the desired >m location to arrive, at the 'end of the, line.    The apeess time 

is given, hy the equation 

"    *a * %  + ^s *** ,-     :t3.Z^7) 

It  ispre^tmabl-y possible to" srMinate tM waiting interval tw in 

a simulator because öf t'fce predetermined and fixed character of its inv 

gtruction routine;  consequently,  tw will be assumed negligible.    Also, - 

most machines provide a  (usually negligible!  ^dead" interval for number-, 

selection purposes,   so that  in general ts 
<<: %=    Note,, however^  that  in; 

the absence of „this, deiad interval,   access to the memory must await a. full. 

add-iJlonajL transf er^ntervä.1 on account of the jmäim^r_in_ivvhich^j;;h6^3;ines^= 

are synchronized with the arithmetic unit-.    It follows that,  with the 

above assumptions, , 

ta & H "   (***)• *-  i—^}    Mead' interval provided.] 

ta'> 2&+ [ho dead intervali provided] 

A pictorial representation of 6-digit. parameter transmission in an 

all^parallel and in an äUl^serial computer is portrayed in Figure 3.2~2a 

and £b,  respectively*    A computer uging serial memory and parallel 

arlfhraetl'e' VffifilnrjS^"^^ ... $&©._ r-e-•'-— 

verse mixed arrangement  is probably feasible, but  is unlikely to öfter 

technical advantages,, .   < =- -' 

'S 

! 
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Memory 
c= 

c? 
-'!_' 

0ns   f;i-.'x]r-csO:l 
Bögi-ster 

Memory 

Binar y-^ 

"Registsr-' 

 N  . (b) 

Figure    3.2^S 

Er.om the -preceding remarks- several characteristics of digital" 

parameter rapresehtatipn are evident. . Ifote first that,   in contrast with 

analogue representation., .every parameter.. .Is., repr.esent£.d-.as^ä^d-isfi-r.etg1, 

"magn'itude.-;   if the .plärämeter .is a time-dependent variable, it must tee 

repressed- äs. a discrete    set of numbers whose, time coordinates are 

known, tö the conputer, *''=.= 

On the other hand,  parameters are here represented hot by sizes 01 

physical components ¥ut~b;y~i^Tantaheous states of the latter;    Any 

. Pa?affie*er_may_be erased from; the memory,unit_at„m 11  or mm he.replaced .=.. 

by tha insertion of a different parameter in its iiiümber^löcatiorL»    Gohse- 

routines associated with completely unrelated^mathematicäl equations 

calls for preliminary .pencil and .paper wo_rk/_tgge$her 4>ath: the translation, 

of equation-^information into mächine language- through equipment external 

.to fbVe computer itself."    Once several problems have been prepared- in/this 

manner,   it  is a -trivial task to switch from, the computation c-f any one 

I 

rsaarmmmmamm 
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problem to the co.putwon of any 0th„, m.   the »^ Matt be 

altered physically ia anj. fey, 

- fc range of the F8Ta«t,rs need; not- OB r.esi«eted as severely 

taihe; oasa^igit^«^^,^^^^^ ^__ __ 

the theoretl5ally^ii:!llt3<i pi!eois£oe ^^^    ^^  ^ ^^ 

^ae«s.»«y«^,l WB,^^ variable » t, be nasalised, 

^   «neraiiyeo that J4 Vi.    The «uestfen „{, 4Jw^'„^ 

thoroughly in E 3,6. . 

--•^*ch^"•-^ - - --_ 

. & the jr&edihg paragraph 8,8 it. „as poised out that parater- 

are ^presented 1. anatogue^ters by resistors andj^tM^s^ 

^TaS-sa*'tSrthV=aeclloas for sisulating addition'.of »!«*>- 

plication by a consta« were shown in Hg»tä ,. .^.    ln tMs pSragi,apE 

it is insended to indicate the seohsn^stion of the Wtft arithmetic 

operations *,  H  *.  ,,  cf sudden discontinuity or «transfer»,   and 

!^?fttL:Pj,_.faniti:oa-.emalaäti6n,- -----        ----- -      -     -   -.—  

tetein^£l£1re±3^!2_5^^ 

^sistor f6r the.variabae ,.    siaof t,e ^^ .^ ^ (< ^ ^ 

- ^ie:TO^^kiJ!fLf»^  
—äpIffG?SiSblital5tS^S^W*li^» -of two lineal" 

potentiometers, P, and P.;_ -Because of the -anner of. connection, ,he .* 

of ft carried a-Voltag, representing ** w«e the: a*• of P2 generates -*. 

Clearly  then,  rt is the Mfa, ,res«-t«,r for ax^b:,  „hwe a and fc are 

detained hy E, and H.,  reSPeC:tivÄy.     SiMlafly,  tie ^ resistor 
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r2; 'computes- ey - £:<:,, vme^-c  c äÄd d are ooteralned by Efe  and E&,.  respec 

tively's   -an'4 ;   is ob-t%;ae.' .from^ ins. .-Txo;.vo^--driven -aäai-,o:f--P3„- 

Figure 5'. 3-1 

It often happens that a "function z is. represented most "conveniently" 

by two or more straight lines,  e.g. 

s    == äx - b 

z.+_ ^ JUL _-_b_ 

-50 <x<'0" 

Pi§cpntiiiujti|s p,£ JtJhls.k.ind are. easily iicprporatod -by the incilusLti, 

of a switch operated by a cam. on the shaft of e motor;, e.g; :S± in, Figure 

'3.3-1 is held closed by a cam-on motor M£ s shaft' when x > 0,   and R± and 

Es  in parallel represent the hew slope A- of the line z+.    All, discohti- 

»««^«^•äiKSwsÄU'i«^»*»»^ 



3-14 

nuities >öah *bs handled b;:; +/r5-s ti-e^hsrVv.e,, 

My4:t,i--.li-.GaMcu is? aise easily' x>erf orated,,  as- indie a^Jd-d, M. Figure   - 

3.3-2..    Here the voltes x is applied eorpes potentiometer P,, the ärnv t-f 

which- i-3' positioned by  bye y^gensrstin,], iistc-r Mv-,     Gleäriy the S-rm cäi:v:v; 

a voltage prppprtrcrja-,.  to   (xy) i 

:        IvioiTptöMicafly-vXrylng 'füHc^Tpns rr:ay K3~l^i^yutadF as  simply"aa       ~~ 

linear---funct.ion.5: by us.feg. nonlinear potentiometers.     For- -eacacapie,   sin a 

can be mechanized over the: interval ^ ~ i. c < 2. ;by means of a potejitior* - 

t.er - 

2,J xy_ 
_ 

„••* 

My 
I 

•Figure' 3,3-2 

whose- resistance P varies' with arm. rotation 0 {v < 8 •< TO) according to 

«v    «**<-   *.v±uyM.uu. i    —    oil»      :     cuiu   WJ.-I.VOC   cu.*»u.   J.-S   un-v.ctt   uy   ci  iiiUOUi"   Ki«   i spits" 
- _ 2' • '        «       -     < 

seating at     Simiiariyr,   any part of sin a within that.range can- be 

mechanized; through an äppFöpriately^äesigned"'•non^'ii^eär-""^t-en^rome*Vr,"—'"'' 

as -can also any monötöriiä piece of the cosine.*, the arc sine alid tangent-, 
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the  exponential   ai.d even :x c-iVs/. p:>i;/n<- i?j; and the, square root..    In 

other w^t3%   any =msi^>3r c /-livibim -ol K stifle Variable x 'eah,   if dBs.lrevi 

;be irieci7an.ized  ext-reo)*;!^  simply .merely by ryplacih« the, linear .pot-'en*-iOi.:e • 

ter driven by I^ with  ::i^ approprri?fe acx-liuear. one* 

Where the fu^vWlo; being evaluate! ^s c.ependent oa t".'o variable.?. 

W" Where Tünei-ion^öF oKs VärTabl'e, 1$ hot äöpöxönlF,   the f auction must  >o 

generated =by extended '.cünectäohs- of Mdere and multipliers,     ü'±&&rl:y;i.  =>£ 

functions become'mor-e complex   (i.e.   consist of ..a'larger iiuEibeir of basic 

operatiins)',   the bulk and the .cost of equipment rises,  roughly in pfo^ 

portion to the number of units reqiiired>:    At the sam& tune-,, the -cömput:.•:.% 

system becomes  increasingly looser..   This looseness is directly at.trjfb". 

table to • (l), the •compliance of motor shafts and the backlash in potent.L 

~ometer arms," (g)   the inertia of motors and their associated mechanical 

systems,   aid  (3)   the delay in voltage transmission through amplifiers, 

^electrical co^'urnce}-,.     The first t-we of these are- clearly sources c± 

lag;   the amplifier: fein.y will be d/iscüssed later in this paragraph, ~~ 

 As  a consequerise, of frhis loosegiess  i-h jthe_^cghneetiens het.ween.. uniy-L 

the -function represented is, computed inaccurately.     For suppose that  z is 

ä function of several variables of which one variable x is. machinewise re- 

lated to z through, many connections producing a delay T.    Then» .if x 

should,"rise-and-t:ne feturn= to- it<s- original value in a time less t'han-T, 

its influence on z will be felt only after the termination of its 

•excursion,   and the eventual a-excursion •'will differ radically from the one 

decreed by the functional relationship   {see Figure '3.* 3-3;)',.    Clearly,   if 

the- looseness, in -the system be deceased, •$ dsereases and the accuracy of 
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functional eoHput'Htviii• .«.<•> o, ov.:,s,     Gcnvoi'-sely,   accuracy-can be  improved 

by restrictirs tab .-vt.3 ?i   -v-Viica va^vss .are permitted to very and/or 

•the frequencies at \'MJ. "he Variables .iv-ay oscillate.     From the mac.hir.? 

•point of view this  ca>. -"ruly jmear. sL.vi.it?; il-.w.i the computer.     It fblknr 

that,   for analogue oo-^ntars,, accuracy is limited by the intrinsic 

~maxiBüJIiy~p'eFmi3'S"^ " " " \ 

Figuzte 3.2k3. 

:"    In the discussion öf figure 3.3-1 above, ho attention, -was. paid to 

resistor R* =wnich is seen to connect the output of Ji^ to its own input. 

This is. a feedback resistor introduced^^ ^ d^^eJ1leJ._^athe.r_Js.our.c.e_-of.  

inaccuracy by comparing the amplifier with its own input. When the adder 

was- described above* it was assumed that the resistors r were small in 

.comparison to- the resistors; R. Engineering d-i-ff iculties prevent the 

direct. realization-p;f this -assumption,;, but the. us.e of feedback reduces, the. 

effective resistanc.e of r to -a satisfactory vaif.e. The- feedback serves. 



also to decrease the intrinsic nonyiinearity of the amplifier/, an 

additional source of inaccurate computation. 

The mechanization of division has now to be described. Advantage 

is taken of the fact that division is the inverse operation to multi-pi i» 

aatioh so that if a'%JL, theny - xz. Thus, the heart of jthe analogue^ 

divider is a multiplier (Tig. 3.3-4'} whose potentiometer arm-, is driven  

hy x and whose input, .z*,. -should be but differs from the. initially *o.iW 

known z.    The output of the: multiplier» xz*, is delivered to. a compari- 

son element CE whose other input is fed by the imowii instantaneous value 

Of y. The output of QE,= which is proportional to the error term, y-xs''", 

is fed to amplifier Az whose purpose it is to supply a. voltage "z to tin? 

•mxilt'ip:l^er -t«_J>€\'£.ed-bäclc^ifö-^E«T-~^e'^ygi.eM~ik-sr.t^^@d^.b:rss-ß^z.fh« 

•condition where the voltages, at the two inputs to M- agree-, i.e.. where 

y * xz, as desired.. Note that the divider unit is ä feedback unit 
  " .? 

which incorporates another arithmetic unit,  viz.   the multiplier.     This 

is the. first instance of a principle which will be discussed at 'great31 

length belovfy  namely,  that the .solution to an equation ,(z ~^~-). must, 

•always incorporate one-feedback loop around the, arithmetic. unit,s„..    The, 

combination of comnar.isos? uii^t äiid' ±&.cjdbaek system is called a s.ervo^- 

iiiopiieLHäöia, , - "_ _.   - -     _-    "_  _ V_~_, j 

'M-gure 3i,3^4 

i 
I 
1 

ammi WJMMB» a 
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The srquare ;rööt *can be mechanized by noting that  z » yy'iraplies 

f ~  z~.     Thus in figure 3.3-5 if I^ Is driven by  2 so tM-t x *= 2,, the 

output of the multiplier unit is z?  and the feedback unit -drives zs tr 

agree with y as required.. 

One more unit remains to be discussed.    Analogue computers are 

-ab-l«-t-ov;gerrfr.iät~e^^ a simple unit.-   Fgnr 

-this purpose, a motor-driveö tachometer-generator is used,  whose öp&r^t-lor 

is (based Ou the electromagnetic law that the vplt.age e generated in r. 

wire moving with velocity y through a magnetic field is 

"    e =? kv ~~1_Z~     — - =--  

where--k is a constant.     The derivative unit is so designed that the ms-i-v. 

Mg drives the t-achomet'er sjmultM§SasJry^A^ilih_x,^ah'd..-4n.^süch^a-way^tha^r-y--- -_ 

is always proportional to ^2F and thus that e = %£.    The mechanization oi" 
dt dt '  - 

the derivative is easily extended to include integration by rioting th?t 

if .y = /* x(r) a r-r  then x(t) ? §£. By forming/^ and comparing wi vi 
dt dt 

x thrp.i,j:i a servöRBchähism, y is, obtained» .. 

The^^hysicai^jmijtl^rle.Qüireä_i:or .analogue aädition-er-mul-M-pli-ca---— 

tion or differentiation is a reasonably "small package.     In practice 

several such units may be  incorporated into a space of about one-half 

cubic foot. 

"Ii* contrast with the compactness of analogue units,   ah arithmetic 

unit for ä digital computer requires ah appreciable quantity of equipment 

and a correspondingly large space.    In order to perform, addition,   a parafe 

lei digital machine calls for at least two  (n-+l|  single-digit adders re- 

quiring, about four tubes per digit,  and a small control unit to direct 

srs^^JEsa^^saypwwws»-*' 

BfcSSsSSi 
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the •addition process^    The necessity for :pio.v-i':di-iig this wealth oo? equips 

merit is  imposed by the desire to perform the :a<ldi-tiqn in one pulse t;ine 

over  (n+l)  parallel li-hesb 

A serial machine requires three registers for addition,  but  it 

».'ill; be recalled that each register consists of only one binary cell  i.o . 

association with ä compact memory unit haying a capacity of only o:ic 

number.    Nevertheless in the case of lew precision (n+1 % 10,   l.-e.   ?iiou.t- 

0*1%),   serial registers employ approximately as much equipment as flc- 

parallel ones,    Moreover,   the control unit __is aömewhgt. larger beeäuf-w \t 

is called upon not only to direct the gross operation of addition but 

also to keep count of the* flow of' digits and to start and, stop the pro, • 

cess*    Consequently,  there: is little ehoic"e~ between parallel and serial 

Computers äs regards, quantity of equipment. 

It would appear that addition in serial computers, should" take   «or. 

siderably longer than in parallel computerss. but t-bis is not iiecess^i'.y 

jtfue.    In _a parallel computer the addition of digits  in corresponding 

columns' of addend and augend requires only one pulse time,  but a much 

longer Jiliterval is heeded to allow for the propagation of -t-he full car\:y 

fi'om the lowest to. the highest column* *    Oh the ot-her hand,, in a serial 

ecHiijv.ut5-i.- tiis Cuai-tTin cüa-iu' proceeu. as t*icj addend and augend emej/«,'e -fr.Gii. i 

the memory unit,,,, ao that execution-of the addition does, not increase.CQip^ ! 

putation time.    Simultaneous memory read-out and ad&itipn, is provided in 

some cöiäputers, and is reconxin^nd'ed. fheii feasible,     Other computers wait 

*    For' example,,, $;&¥&._ occurs; when 0OQ0,0001 is addled to Qlllj.'lllX to 
yield ,1OÖ0,,.OÖOO in an 8^dig;it computer  (n=7;). 

• • *"--.- •.        - •    1 

"•'-."•• . i 
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until both numbers are extracted before proceeding te add,  and- in thi=s. 

case.an extra computation interval of- |h+l)  pulse times  is required.     It, 

general,   (n+I)  pulse times is longer than the addition time for an equiva- 

lent parallel unit.. 

loth parallel andTseriäl. öpBfütlff employ three reg fiter s~ for 

muitipiicatiora and for division,   and both accomplish- these arithtfietj 2 

«rocessas through a- sequence- .of repeated additions of subtract iotis, 

respective-lys    Neither is able to el-aim any advantage as regards aftdi 

tiohäl requisite equipment.    However,  the parallel computer is fastsr- 

since   (n-+l)   additions  in it require less time than  (h-+l)   additions  in t, 

serial machine. , 

Discontinuities are programmed by means of the transfer instrüc.• 

tion-which permits the machine to make its own choice between the ro.ut.inrs 

corresponding to the two branches, of the discontinuous, function.    The 

transfer instruction will he discussed -in greater detail in    E. 5*1. 

_. .—JHee-ar-d-les;s~o:f-4\0aei,her^t4heJLr--internal   organization is serial or  

parallel.,, virtually all digital, computers employ at most'one ör two -ä»r:-.c_ 

metic units  on account of the appreciable equipment involved*, and thesi 

.üni'ts.jjan, perform-only; J*%  -•*.«_ *& ±'±^^PÄ.^'r.^a^S.^L^.ß? .a ^?sj^^_*k.e ^'^-'il 

ation of the basic -operations defining ä function has to proceed se- 

;quenti,gLly f§t|ier than. ,MiMlt|toepusly ä§  in analogue igachines;;   in any 

ease the nature of digital computation precludes simultaneous evaluation. 

For example,  -the -funst-ion ------    - - ^   - ----- - •^•-^^-    .•--=-.-.-—     >..*__— 

-a = ax.+ bxy _-   ~~ 

is programmed äs the following timer sequent i«l. routines 
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  % '= h    x x ...__  __   

za. = ,zt  x ,y    =\ bx; X y 

zS. - a. "* £ 

?•    * za * z* -    ax * bxy,   as required. 

there is ng-ph^ in a digital machine to correspond exactly to co*p,ia^ 

in an analogue Äne.     The evaluation pf a fusion f;[t)   at ttoe ,e 

yield, f CHJ   acutely so long as the.-data ,V£iL^  |& ^.^    ^  

ever,   th^digj.aln^hiae i* unable ^.calculate r$tf  continuously fo, 

all t;  the calculation is limited; to discrete values,, ^   sp*eed_fror, 

J^ j^J* 3Wto ****** ^^P^   interval At^  So lo^as^is^s^ 

^tHe: cd^et^Vun^^ values betweenT*e oomputsdf(l^ay^sumecT ^ 

to be approbated closely By si^le foxm&as derived fp, the p**pö^ 

.  -Oh the other hähd,   1S f {t,  is ^^ ^ ^^ ^ ^  ^^ ^ 

for its evaluation,,  the accuracy of these ^proximatlon for^lae _    , 

accuracy of a d^al ^^ ±g ^.^ ^ ^ ^ ^ ^ ^ 

-co-ute, ^us- W inter^f ÄTIs^esponsible Ä o^cSäble'Sci" 

ii*' ******'' °°^ut:at.ioH corresponding, to those ^fecta. in analogs ?jm»>. 

=^^n^Gr^^en^ie"delär^ 'IsT "aeÄitäbleT "~= "'   ^^^'~==="==S 

Feedback .for analogue division and square-yoot has. its .digital _ 

-^e^^^^^ Uemive^isiöxtotyhyx:qohsms^ 

.(1) ^Bsing^at ^ approxHnate reciprocal * f0* x?   ^ repeafeediy ^ 

^^ *** e^^*ärtto recursion formula: ^ * z^-xs-K  i=l,2,3,^- 

«1 the rasmt V<^* 1 tp, the „^w^^^- ^~äL^ 

** ^ *y Jr to. öbta^ 2 ,y?r , |.    Itö,a^e öqu^ ^ ^.f_^ ^ ^ ' 

-w "Miic; 



S--2S 

the recursion forprl-a used.-, 

It was implied above that function evaluation must be performed, 

as a sequence of basic operations. However* it is possible to incorpo- 

rate function tables into a digital computer %.(_yield some func-tions sue' 

as isine, cosine,, exponential» polynomials/MithoTit the need for exp.5t.TsZ 

computation.  Such function tables are .(excessively expensive1, to. 'buil£ $3 

all ccrr.putacion is to be avoided; the saving effected by limited tab]^-: 

is questioaable, particularly where low precision is acceptable, Göäse- 

quently,.. vthen- the ERGO- eqaatiohs were reorg&nized -i-n Section %,   such 

functions were approximated, by one or more straight ^ines*  Further p?rti- 

.nent-reyiarks-arsT-t-e-be-fe-and-in-= B^:IidbL=^=s==^^ 

"The simplicity of analogue differentiation and integration^ •unfortu- 

hätely cannot be mabebsd by digital mechanisms» 

3,4 Mechanization of Solution of Equations 

 It is important to note, at the outset that there^are two possible 

interpretations of the sign of equality in expression-.? such as 

— ---^^--------     -  w-.is ->;^) - V"i" - x^iirx°'~"'"- " ~~ -      ' vS.3^1}1 •"" J 

On the one hand,  this expression may be an identity which states that the 

'dependent V&fiabie^w-rs> squal-by: aeffnition- "So" t"he^fiÄiet ion f(5r) _öf~ t-he—= 

independent variable x„.    In this case,  x may take on any value x^ within 

its range of existence;   the expression #3,4-1')!" then prescribes ihe pro- 

cedure for evaluating the corresponding wfci     On the other hand,  w may be 

ä constant..    In this case the expression is an equation;  moreover.,,   it 

imposes a r-est-:riGti#e-con&i-t^^—- 
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välue.s whose magnitudes canhQt be found th±o.ugh stEaig-ht"fö;rwa3?d evaluation 

of a function. . . . _     • 

It might «be argued that on occasion the solution of an equation' 

can be reduced to function evaluation, as in the following cases:. 

•- - .»*' -*•- -2ax- + =b- =^0 imp-Mesr- -x- -~-jzj£•fig± ;b"-   ."""-" is. 4s2^   

si 
dx" 
d y 2 
—-*-   +    k|r    = o    implies      y = A sin  (kx t b) (3.4-3) 

In these cases the solution would, be  obtained in a computer by 

direct evaluation as described in the. preceding paragraphE. 3,5. 

Unfortunately», these cases are" the» except ion, ~and in general "other tech- 

niques must be employed»  ' . , 

„ .,_ Iti_an^analogue computer the -solution, of-an equation is obtained by 

means of the comparison element .(.see Fig., 3.3-4).     A schematic diagram 

for mechanizing equation 3«-4-l (with w - Q,)'  is shown in Pig.  3.4^1.   .5he 

connections are observed to be' of two distinct types;   (l)  the lower set 

of interconnections of many units* whiph serves to evaluate the function 

J 

X   jS^JAILxJ; e E 
Or 

../ 

Figure 3,4>--X. 

"•Wilt— Will BMS 
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*' - * sin x,   and' (g)  the comparison Si«SM «. «hi« Erects x tö vary 

«ntn the function becomes zero.    Clearly,  this network, is a ssrvo- 

mechan,* „nose fef!jbaok lMp em,-9oe? ^ appreoirtle sijmber ^ maio^ 

units,    Consecuehtly, the,, is a considerable delay around the loop. 

 AssJ5? *hat when thejjjnotion. is-ne*»«i~-«.~-«^-.-,.-,,„ _^  - "^«— -•*  **«? v* *s eonnectea so as .to 

Increase *    and .ice versa, u., the function « assumed „ too*ease 

. with, x in the neighbored of the solute xk as shown if Fig,  3.4,3,. 

Then,   if at time t. the indicated analogue, value, of x u Us, iitSo ^ 

the OS «u „ake.x increase,  however,. because of the teay of trans, 

• - • rtse«*, -^tWough-T.h^valuaHngl.etworkrthe '<S „«a lea» oT^T" 

arrival of x at xk mT^Ht x has exceeded xk.    .Finally the 'a, will 

*-      ocu t,u aecrease Äf  v^.tu resuirant "overshoot" 

Oh the I« aide,    inia secuenca of trials during which Cg hunts for the 

correct -value xk is depicted in Figure 8,4-2b. 

Until now it was assumed that- „ Was a constant and that x had 

;****"»•" "s^PSsal toseacits.dution,,  fowev,,, w ^ould. o0lu   .. 

oaivably be a variable „self (.« generally «,,    ttd the tta available 
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for x^hunting would -then be äfeterminech by the rate at which W varies. 

Moreover, if w were to var.y sihusoidally at a frequency «comparable to 

the hunting frequency, the overshoot error in x would increase cumula- 

tively, These cumulative, overshoots cause the ^system to break into 

spontaneous oscillation 6r to behave in a manner which does not bear any 

immediate relationship to the; solutions sought. GXearly, the system 

will be- even more; susceptible to- this unruly behaviour when the equation 

becomes complex {,e.»g.,   if ffxJ were a more complex function) änd/ör when 

many equations must be solved simultanepuslyi 

fö srinfeariäe^ the solution of equations requires interconnections 

between units which involve feedback .paths. - This feedback may cause 

system instability even though all individual units are stable,. The 

tendency toward instability increases with increasing complexity of the 

equations to be solved and with the number of feedback loops« It should 
G- 

fee noted that the latter increase rapidly with the number of equations 

{roughly m^the js.auarel.. -      _— ~~  -;• • - . —-^=,=,=^ 

-Just as it was possible to improve the accuracy of function 

evaluation by slowing dowhthe- rate of analogue fiächihe c.ömputatiöß,   so 

it  is, possible to restore stability when solving equations by increasing 

the solutiea. tijrie.     Oh the other hand,, the rate of computation in a real- 

time simulator is forced upon the .analogue system by the- characteristics 

Of the device being simulätfd,..    It follows that there is an upper limit 

to the complexity .which -can be incorporated into; an^analogue.simulator.. _ 

"required- to compute' inrtääl time. - -'       ~ ~   -*   ~ ' 

—'""• In-a-äigi.tai1" computer••*h|7Sö'Iüti:önr"tö equation :3,4-ri might %'e 

 j 
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obtained1 by iterating uslag t.he recurrence; relationship 

Xj, - x„, sin SJJ 
*n+i ~ %n ~   '  •T""^'1' ''"- -':••'-'-'!-''-,'i-!—» n=lj-2»3, ^— 

5x? ^ ^ cos'x^~sin 3^     ,,  (3.4-4) 

 ]5!h^j^^£+_T_is_a_^ -the - _-— 

previous guess xn. Clearly^ each improvement on the preceding apprqxi- 

mation involves considerable computation and hence an appreciable time 

interval» It follows that increased accuracy is öbtained_only^ä* the 7 

expense of speed of computation^ ifKieh w varies as x is being computed,. 

- theMigiiäl computer must; clearly öhöose between (l) carrying the ' 

iteration procedure to- Tts completion and falling behind in its cöraputä^ 

^.ft^r^oPr-ani^-g^haMdng^ the- xt«ratä'ön~'a't_lGW" aecuracy in praer to keep TipsT" 

Finally^ the .iteration process is» liable to develop oscillatory 

behaviour similäf to that developed by analogue"servomechanlsms. This is 

particularly true where real time considerations necessitate a iarge 

interval in- the solution of a- complex differential equation or oj a set 

of simultaneous differential equations such as the ;ERC0 equations, This 

, ^; ^^acteristi^^ ._ 

point it need only be noted that digital machines also are limited in 

complex. 

— .45 -^ampap^;of Analogue; WiMggra: tiömputars /       y '" ~  ~ 

The preceding paragraphs were devoted to an extended, description 

.   of analogue and digital computers with .empt.asis on those, characteristics 

.graphs will be .concerned, Äy, with digital computers,   in particular' with 
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'f&f?" 

the digital representation of numbers and its influence- on computer - 

speed.  It seems äpprpprTt;-te,^nereföre, toT sunparize the preceding re- 

marks by a. direct enumeration öf the advantages and disadvantages of 

both computers, and this, will now be done. 

(a)-r-Basic 'units* The basic unit, of the. digital computer is 

restricted to a narrow set of operjttäojis^ aamely/,. addition, subtraction^ 

multiplication, dTvrsröQs and tranli.fgry whereas the analogue computer 

utilizes 'basic units capable of performing not only these- operations but 

äiSö evaluation öf mönotönic functiöäsY difl.erentiatiöh, aüd- integration^ 

•(i^-Size,. The size of the digital unit is- many- time& greater 

than the size of any one analogue Vg.its. On the other hand, the analogue 

machirte is comp.eTled by its; :mode of computation to include a separate 

unit for each and every basi§ Operation; consequently each simulator 

must be judged separately before a statement of relative size of digital 

vs. analogue can be made. ViThere. the computer is to simulate several, 

similar devices.,* et.g.. many cockpits of the same airplane type, the digi- 

tal ma.c.hine;-,mäy afford a. sairing through the- use. of a-memory unit common 

to^alla However this possible, saving requires further study.. 

(c);--Sp.eed.. The inherent speed of the digital arithmetic .unit, 

appreciably exceeds that of ä^y one a^alögue^unit^ Oh the j?th.er hand^ 

the  analogue simulator employs ä multitude of"unit-ss- Thus: the speeds of 

the two systems are about equal for-simulator use,, at least at the 

present time.. "* - 

(,d).--rPrecision. Digital:_ m&cMge.s" are; aapab'le of unlimited pre>.;... _._. 

cision whereas- analogue' machines^ ape  inherently low precision deyic.es. 

ttassisaü..»«'^»!""»--• 
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Where high precision is. a prerequisite, .only a digital, system can be . . 

used* For most simulators,* however, precis-ion is not a serious factor, 

(e) ^-Accuracy.  Analogue systems are parallel systems,, performing 

all operations simultaneously through a large set of contiguously varying 

units.  Gonsequehtly all parameters are available at all times; however, 

because of the mu.:itipl\i6ity of interconnections,, the cömputatdöö of the 

parameters is- generally somewhat inaccurate. Digital systems are 

sequential systems^ performing, all operations, in time sequence through 

the „one arithmetic unit,*. Consequently, all parameters are computed for 

discrete instants, at which points they are known as accurately as the 

component data allow; however, between; these points- the parameters are 

^ kncjm-jonly,i^ 

obtained by means of" approximation formulae.          r ,  

(:f)---Stability;. Both systeins perform stably either where the eonfc- . 

put at ion is rudimentary or where, ä complex computation may be^ performed 

at ind'efihitely low speed.  Similarly, both systems tend to instability 

when a cömpiex computation must be performedJn real time. Thp  region 

pf fallüre_ is a jnatt§r of^^dy^jn^ejich^ease^as^i^arijeSi _It is" fre-  

quently necessary to simplify a complex confutation for real time Simula- 

true laws, of behaviour öf the. airplane they represent, the 

s.iriiplificatiöh. being of a nature best suited to analogue simulation;, the 

rearrangement of the ERGO equations in Section 2 above .represents & 

Similar simplification best suited to. digital simulation* 
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(g)—Input^output.     Information received by the computer is 

generally supplied in analogue fo#u    Similarly-j   ijafprniät.ion transmitted 

'by the computer is generally required in- .analogue form.     For example*   the 

stick and rudder mpvemerits are most easily obtained analpgue-vfiss through 

a_potentiometer while the panel instruments demand  (analogue)  voltage for 

their operation*    Clearly the analogue simulator has the advantage here 

since" it  i-s prepared to accept and supply information in requisite form.. 

The digital simulator must be provided with mechanisms for coding, janalpgue 

parameters  into digital ,ffrm aüjä vice -versa*     Further remarks on coding 

a4d_4§ApjilingjMlXJbje fo^nd _in äec^:-i©n 6*     ___ ___._.     -.       _         

.{h),-r-FlexibiIlty,     It  is, in this respect that dig.it-al systems show 

ä marked superiority.     In .order to switch from, pne routine to another on 

analogue computers* it  is necessary tp rearrange arid/cr replace, a large- 

number of physical components,   requiring appreciable effort and time.     In 

the case of digital computers each routine, is represented    by ihstructions 

and numbers re.aprxLed on an ext.erhäl" storage device- such äs a punched, or, 

magnetic tape,   and the t'äpes' ^äre conveniently filed äwäy  in compact 'föm 

in ^library of routines. The aiteratiPn_of a routine (and-hence of ti|e      ~ 

.complete simulator)   is accomplished simply by changing, tapes,. 

Tt mieht be  ärsöed that in simulator USR the  n-poftess  of •S'Wit.ch.d'ns- 

a digital computer from the; simulation of. one device to another requires 

connecting the. cörnputer physically to a .second-uni-t^_«._§£jfrojn tfee cockr- 

.pit of one airplane to that of another,   for iriput«output tmrsppse.    However 

these connections are .relatively few and would probably be- 'handled -swift- 

ly, through swatches or multiple-contact' plugs.     In any case t;he -same 

i-mwirann 
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pröblem .occurs of necessity using any simulation öievice.,. including äna.~ 

lögue ones. 

Et might further be .argued' that switches could be provided for 

rapid transfer of the analogue Simulator from routine to routine. How- 

ever, for real time  simulation of an airplane, such ä switching scheme 

would probably prove so complicated and expensive as to be technically 

undesiraflev 

(,i) --Future Possibilities.. The probability of marked improvements 

in analogue computers is rather low, .partly because analogue devices have 

already gone through many stages of development in the past,, partly be- 

cause .modern improvements, in, speed „artet accuracy appear to-.depend on-in- 

creased size of units. Qn the ot;hgr^|Sg^d^ital cot"|wMr^ar^stil^ia-rr^-. 

their infancy and all indicatiens point to smaller, faster machines' in 

the hot too distant future;  it is particularly important tp= note that 

digital computation speed appeal's to irnprove with decreased size of units. 

From the äböve^ it f oliows^trhat'a choice between analogue and / 

digital simulation ef one- airplane is not clear cut* It is to be hoped j 

that the. results of this" and sjm^-^jg^oj^c^which compare the c.apabi'li^ L- 

ties of the two computer types for performing particular- tasks, will 

bring to light and ,emphäsize_ the relative advantage agss snC: c. ISact y ant ages pi" i    -"§ ö «*-!.••?' rl5 ^-J:r5r.^ 

•both, and will stimulate further research in the application o;f digital, 

computers, to real time simulation-. -^-   Z   ' 

5.6 Parameter. NPrmalizat ion 

It was: pointed out in i^, 3,,2 that analogue parameters were- .always, 

'to^mflized" to obtain maximum: .pbs,siM.ei_p_rAc%siön.-rrom..;th.e-_4ö.w^pr.ec.isipnr 

« 

1 
1 
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analogue units*    Furthermore,   ft was mentioned, that digital ^parameters 

need not be normalized owing to irhe theoretically unlimited precision 

available.    On the other hand there ar.e two major reasons for normalize 

tion in digital Computers which will be discussed .here. 

TheL first reason is associated with binary ppl-nt location,    Coti.^ 

-sttäträfogr=wtöei$a&^^ of yby ~:x' in &5 blnar-y digit mac/hine 

witn binary .ppint between columns- 3 and 4=,    If y•"«? ICO, 000 and 

x ^010.000,  the product is given by xy = 10@0;0©0.    The significant 

digit  "I"_öahnot be accommodated by the-machine since it is too far" to 

the left;   the loss of this, digit results in complete; misihter^retatiön~~ 

of the magnitude of xy.     On the other hand,   if all numbers are. 

restricted-to a value less than unity the loss of digits occurs, on. the 

right ,hahd side*  these digits may be cast aside without  serious epnse^- 

- quence,, e.g^     ,.löÖ,,000,111,111 differs from .100,000 by less than &JL 

(Note however that numbers may "move off the left end of the mächine" 

-etven in this case,  namely,  when addition is performed)., 

The second reason for normaliggi'tion_isJLru•jaMäs=&6=*Sbtain. -,— 

efficiency of .representation;,     Gpjiside'r the two decimal .numbers 257 and 

" O^SOO7 whose binary~repfesentations are 100,090,001 and . iQQiX>00^0QQv  -__ 

respectively,.    Bpth numbers are recorded by means of'-nine significant 

^bin^ry^dirgxts^scnt1i^~tläey~a^"^quaTly precise |n binary form)„    Höivever, 

to acconsmpdate "both numbers would require* at least an 18 digit machine, 

with centered binary .pointy  as f-öllöws-j 

,    .w lOQ,:OOO,--0©l.a©Ö;:OO€!iC)OO- "   ; ~-           ' 

and    ÖÖO,OOOv;OÖp.,IOO,C0Ö.vOG0 
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i  

Clearly this system is wasteful of digits,, providing, precision far in 

excess' of demand,,    Normaliza.ilon of ev-epy parameter pr ;say to- -jjpf <• jy 

in such.- a. way that, all constants and the maxima of all variables, are just 

less' than unity,, results in a number system where-iti every parameter has 

-- ä minimum of excess precision 'and hence ih a machine with the minimum 

Efficiency of represent at io.h. is-imppr-tant because  it permits t-he 

size and cost iof both the arithmetic and the memory units to. be reduced* 

More  important^   it speeds up computatiorL since,.^a.sJias been described-in 

P.   3.2 and P,  3.3.?  all the basic operation- speeds increase with decreasv 

-ing  (n+l)i 

It  is always possible to normalize a complete routine»  although it 

-^mäy'W^iäna~geherälly is)z~necessary to invoke the aid of the shifting 

process   [multiplication by 2%.    In fact>  the #aaipuiatioTD of the ERGQ 

equations  in Section 2 is an example öf normalization procedure, 

3i7 . Precjsiojfl: 

 T-he-tpreCiSt-on t~o~b'e "ä"dö|rtedr rfoS^hfe "digital airplane simulator is 

.dependent on the accTuracy demanded for representing airp2ane^mo±i6h---as4  

on the method adopted for numerical integration of the equations of 

motion.     Since ne.itiier_o.f these-jhas-.yef.--.b4en--c-ryst-äi;ii3e-d",,r the remarics of 

this paragraph, are subject to modification ih a later report.. 

In Section 1,.  it: was estimated that an accuracy of t,en .percent  in 

the. computation- of a räänoeuvre should be sufficient for a satisfactory « 

-simulator* \  .Somewhat better shorts interval accuracy is requiredy. perhaps 

1$ or maybe -even ÖV1$»    %i£ corresponds to fae$weh-V~ahd !©• binary^ 

!BSSRS^!3 
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'digits,,  inclusive*. - - - 

The. height.  hf of .the air-plane reeuires special consideration.    In 

flight "the; .value of h is of the order of 25,000 feet;    consequently'ä 

celling of 40,000 feet was adopted in the normalization .process ire Sectiqi 

2.    At these heights there: is no need to indicate h to better than several 

iTandTe-d-^feet7 a^Secrsiiö^^fräb]5^T%^    QnTThe other haMrwhe"h1 the'air- 

plane., is near ground^  It  is usual to indicate height to within about ten 

feet«.    Although the percent accuracy  is    still about  1%,  the precision 

required-is^abotit 10 in 40,000 which calls for 12 binary digits.    To 

overcome this difficulty    in the airplane cockpit,  the altimeter,  which  * 

is an instrument incapable of better than 1% accuracy,   is provided with 

two scales with, the lower scale appropriately expanded,    In the digital 

simulator a similar method may be employed by providing ä second .normali- 

zation of h> say at 4ÖÖ feet;  however,  this method makes additional       •   -- 

demands on the -basic computation interval,  £t,   and is to be avoided*    <. 

It appears then that at least 10 binary digits are required to 

obtain satisfactory precision.     On the other hand tjbe'nörm'ali.zätJ.oh^pr.Oi^._ 

1 

cedure introduced the left-shift; for example,, after Jf^2L,-.is computed; in. 

the equation for Aq_in subroutine No. six, it is shifted left 5 columns 

to, be multiplied by g~ "•>•    *° ensure its: precision of 2"'--., an additional 5- 
J 

Jiinafoy.^d.ig-i.tjK-MVs1t-b J 

Even in- the, absence of the shifting process' it would be necessary 

-to •aU?lövr"Cxt?a~4'igi"to^bfet^uDc; Trf^-öT5h~ä^^ff"errölv    THisTSeed' becomes 

p.äi'ticularly; clear in the case of integration.^    To illustrate,   consider' a 

4 Mnäry-digit 'machine' in. which the airplane speed at time tQ is 

.Bx JL" QBQQ ^ the; increase in- speed per jtiterval- At is .Au„^..,:Qg0.0.111,  
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which the machine recognizes as zero. Then ..äffer Q cycles the speed ii, 

would be-; 

True fie sul'.t    Machine. Oomput at;ion= 

üb -0100 .'Ö10O 

•Ö x •(&_)-        ""     .0111  "  -     *QQO0 

.^ 

% : .1010 . jK62^t .010©    (=t^5) _ 

Of course the relative error is exaggerated in this example and .would not 

be as large-in a lO^digit machine.? nevertheless,,  an appreciable erroi" 

would occur in the latter machine ,-as well,. 

.From the, above it follows that a real time- digital simulator 

should carry a span, of about 15 binary digits p;lus one binary digit, for 

the algebraic sign. - 

3-,8    Representation of Magnitudes .    - 

In the preceding paragraphs the parameters were assumed to be 

represented  in conventional fcriny for ,example,-the;"magnitude ä'Was giyeh 

• •" - by     -   •                          ,       ^    ------ 

-— - - 
....  ...  ,   A*, =.a_, ..ai._n._a... .«..-- ----. a..  .= ."5"  a.. pi'*0.-.:,,     (x ,«i_;i_1_- ..:.  

-             -    ii TU—JT—'ii—e-        -Tj     .fti,  —j ~          \—« ~ —/ 

4=°         .  • 
, In order to minimize, the nümb*e.r öf digits (nT_.) it was found advisable- 0 

. v                                                                                                                                                  '                                             ~     -          -                                                                       ,w                                   '                 ,                     ,,.,-<.... 

to normalize all parameters.  ° However,, the .absoldte fniMmum could not 

be achieved on account c>f vthe accompanying requirement of. left, shift 
_J 

whicjb. necessitated the' use 'of_abqut öexträdigits.. ä 5ö?o» increase..    Sihoe, 

these^ excess, digits^ require^ extfeä: jnachine .equipment ..and--'Slow-^oiwn.-the. —--_-. 

arithmetic processes-,- consideration was given tö other possible' ;repre- 

"sehtaifiönl^ " ,'""" *        "   -~~'~-•-•""—-~ - 
? ~>; 
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Attention '«ras first directed to the semi^logärlthmic or floating, 

d'ecimal^pöint  system,  ;ih, which magnitudes, appear in the fonn 

ASL   """    ** a« — --Hi   $ bm Vl "^ bd     ' *?•«) 

i=l 

,|n_-wordsj  each- paranieter is represented by a fractional number  (binary 

•point at left hand side of number^^and^by^iSm_^de^j^ichJLjet:e^inM_the^ 

actual location of the binary point,*    There is some, question as to 

whether this system would result, in a saving in digits;   in fact it  is 

probably that the total requirement"of T('i+1)   +"'(m*l)3i digits:. * two 

aigewraie s^xg,"" wouiü'exceed the ;pj.-cviouts -yu^i)  digits * one algebraic 

^sigh in most digital simulators*     In any- .event there would result a 

serious decrease in speed because the arithmetic processes"' become more 

complex;, for example,   in the Raytheon. Hurricane computer the speed is 

reduced by a factor of about four. 

A little 'Consideration was given to the logarithmic system where. 

""« >uutJlij.vvia'i *i »»VW-»-<J- XXO.OU vj\s uuiuiaxiicu' auu  nicu yo .represenTeci .in xne 

simulator by its logarithm    ,(to any prescribed base)>    This representa- 

tion, has: the. advantages that multiplicatioh. is accomplished throüghihe 

addition operation,   a .much faster process.,    Ä second advantage i§ that 

.msgni tu'dc"sr 1^ 

ces.siVe- numbers is a constant fraction.    On the other hand the system is 

*    For ex.-2rip-le,~ the decimal ,mäibep 63v®45> would appear. ;in the foi-m 

 9..S^^^L-±^^jm^^^Q-v^^^--^^Ö^^    -,- „  - 

w      *•.-'"' • * ' 
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unable *o'. render tue number zero;  moreover there is ho .simple way in 

which to mechanize addition.    Consequently the representation was not 

studied in any detail. 

No other .simple .systems could be diac.oy„ered.    Aa--a result it was. 

concluded that the conventipuai represeiitätidn .{in the. .binary notation) 

-ws:~t1fe-Tt0st promlsingT ~      " "'        ~   \ ~~_ ~~ 

-3.-9 . Speeds of Current! Digital Computers 

„- r::;-__.- ;Th^^gT°sä ?f tM^PJEg|gäph--.is to--evaluate, the, time räquir;ed--by__ 

digital computers currently nearing completion to perform the basic 

operations of addition, multiplication,  division,  and shift,    Subtraction 

-.r.e4uires^the. same •time-as addition- in almost alt modern Ääehineä.    Two 

^computers *m baü-onsidersä^m *^Saytheon,-'^rrie.ane'V. Mios^time of 

-epinpütät*ion-of "thei^mpleTe-"routine irs^ Seöbr^ed ?n c-er.+ ^„ 5   \nä ~{p\ f-hS 

Institute for Advanced Study "IA3Ö macMne.,-    The-ffest is a serial 

machine using a mercury delay line memory unit;, the- second, is a parallel- 

machine using ä cathode-ray tube (Williams) memory .unit, 

It  is characteristic -of all high-spe.ed digiral computers that the " 

instructio^ns_T^icjh..Aejgu.enc.eAheI*ou*'-inft.-a.i«o. .a+.«-n«a A.~~ +-K„ .*«* «  -  ,_ _ - - --->• - — "T"   ——-—    www*, wvfc   J.W   »v.**v ~i"JEi",_*oa:i.iöj.,    ~  

memory ;a*ong with the numbers,on which they operate.*      Consequently.,   it 

•_ZI__~"~''-yy~-*' "v ""^gi-^^L^; ?«cp&LMe time cpsnt in, •rempvangfthe^i-n^truc-^ • 

a 

] 
1 

•o - 

tion^ from the memory when calculating the total, time to perform an 

*• In fact there is nothing to-distinguish between an instruction, and a 

number' in the- memory.  On pccBsion.it is ..convenient to use. the. a^ith- 

-  met-ie .urcl*. to; älter- an instruction;, an. example of this is in the 

handling of minor cycles (see Section's}.. 

KSB9I 
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operation..    Note also that almost  all öperat;ions .require the specifica- 

tion -of" four addresses äs. .well as t'he nature of the operation;     fob 

•example.,  the four addresses .required; to complete an, addition are those- 

of the addend»  the augend,, the sum,   and the location of the succeeding 

Instruction^ % 

The Raytheon Hurricane computer uses a pulse repetition frequency 

 (i'BP)   of gbout 3.6 megacycles and .a„pr.ecisiön-of SO 'binary, digits plus 

algebraic signi    However,-   in- order to make the* machine selfTrcheeking, 

the, number of digits used_t_o_repp&seiit magnitudes jras^^erÄa_s,eirtG^JSi> 

Consequently the number length and hence the fundamental cycle; interval 

is 36 * |=L = 10 microseconds   (usee,).    Because no '"dead" interval is 

provided  (see F.   3,2)"',  the access time is two cycles öi* 20 M-see per 

SunioeH" ~0ä the öther^hand each instruction carries four addresses re- 

quiring a length of 72 digits,   two number lengths;  hence the access, time 

for an ihst-ructioh is three cycles or 30 lisec.    Again,   it should be: 

noted that only one. number may be removed from or inserted into thi- .-nar-.rv 

~during any one cycle so that^access^ tojthg. memory must M.J.er.formed~se.-— 

quentially. 

•eiear-ly» :tljen.,   th# time"tö; perform oh'e operation,  AQB * C,   is, 

calculated-äs xöllöwä*': 

- .    --»«&>  ' Removal jGfinövi!uc?fcion -' 30\jijse.cv~ 
(b) Removal, ,6;? A       r-.20 psec* 

^ - __ {cj- " Removal of g-        X £Q ^sec., 

" W    Operat-ion^tinie -. tQ Isee be. 
.-        (e)    Insertion of 0 --. ~ m vsec.. 

*    The 'symbol p- should be interpreted here äs +,-,>Vor «;   in, the, case- of 
the transfer operation the o- implies subtractiön ,and then the third 

'    /address ^^^ ?e?emrtä> W location of the ".alternative succeeding" 
instruction-., ••"  ^ .-,,.>    J       < 
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Thus,, the ,tptal operation time is ;(90 + t0|)   u-secj. where tQ depends on the 

operat-ioh being performed..   Note that ther,e> is a substantial saving' if 

the operations are sequenced so that one number is already available; 

from~the preceding operation^    For .example,   consider the operations 

(MB): * Jfi.. \ There. iis/:h.o:Llöhg:eje the„nee.d'_tö; insist CL = A+B... (.e .ahave:)^npr _ 

to remove it for the operation C><D  (b above);  thus the total interval re- 

quired is only  (140 + tÄ * tj.j);  |ise'br. a saving of 40 usec.    Note also that 

there is a, similar saving of 20 jisec  in the transfer operation because 

the" result of the cömpärisöä is needed only to mafcfe aehpivs between two 

subroutines and hence is not  inserted itxkfit the memory. 

Finally-,, The time required to -cöhsüinnate addition, multiplication, 

di^is-ion fand sh;i^ftr"excluBave^-of removal ahu^lbs^riiioh'iSi^t* "^ "5Qf" 

^Kt ° S50,  tD =? 4©Q^  and tg "^ SiuseCr.., r:efp:e;dt;lveiy..   Hote that "• 

t^j,/ ,(n+I)  t^,,  as might have- been ahtieipptgd as a result of the dis- 

cussion in P.   3^3.    This is-because part of the computation time is de^L 

voted to starting^   stopping and selfrchecking,,  and these occur only once 

-in :-tM.. 

T"t*^ T.-KG   w.A«Wi-.-----i«ii*>c^ \ru^; a-   -A-\     ^~r« — ~j^.- M^ii -^^ * -- / J—— n.__ i>._ — -   — 

_     ' J 

ibraic sign.}., Access time to any number in the memory is about 10' 

Usec.4 and, numbers, ;.are. withdrawn , (inserted); sequentially. Öper/ätioh 

»v u= ' 

times are t^ = 10,. t^= 48Q>:.  t^ =? 500, and tg * 2m u-sea* where m is the 

numbsr of cclurnhs shifted. These times' are' estimated, since official 

values are hot immediately available,; in part;i;euiar, (i)'the maximum 

value has been used for"tjj, since in a time; Simulation problem advantage 

can probably hot be taken of the speed increase due. to;':zero multipliei' 

I 
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digits, and (2) the estimate of %•$. may be somewhat high. 

Instructions require only 20 binary digits but provide only one 

address. Thus two instructions are ydthdr.awn from the memory at one 

time but three instructions are needed' to complete each operation«, Mo 

address is required to locate successive instructions since the' latter 

are stored in consecutl'velyr-numbered locations in the-jnemor^;;~ lt_ts suf- 

ficient to provide a binary counter to direct the sequence of ccnErananda. 

Consequently the executdufl. öf two iridependent operations- requires that' 

instructions le withdrawn from the memory -pfn$y three, times. The-duty of 

the transfer operation is tö set the binary counter fdiscohtinuously) to 

the first address- of either two new subroutines« 

Since both the, Hurricane"and the IÄS machines provided more pre- 

cision than is required by a; simulator* the operation times: given above» 

are longer than they would be in a specially-designed digital simulator. 

Crude .estimates of the. speeds of i6 binary-digit computers* modelled after 

Hurricane and IAS, respectively, are given in Table 3,-9^1 alongside the 

summarized results of the existing values. Note that the Relative 

improvements differ tl) because the former is ä serial whereas the 

latter is  a parallel computer, and (2/ because the self~ehecking. feature 

_n.f!__+..Vip> Cnr>rhA.r»_OTfl a, -om«;t:- erL 

Jft^KM g'7^'ji^SillBiiiii»»a»,~ 
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Table 3...9-1   Töiäl operation Times 

^ 
OEEPlTJON 

,    Hurricane i-iine, (Usec)     .. | .,.    IAS tiirie. j(iisec). 

..--    -: As—i-3:            : • 16 digits* As is- 16 digits-*' 

. A + B' s» G 14Ö 70= ;      so 45; . "[ i. 

A * B • C 
.     - - _                -  

340 145 530 
„          .   .--T-._ 

120 

> A * s = e -490 ,235 550 190      • 

&*B*G° *?).'• 

:!i""~r.i."___"':r: 
440^ 

;       125 90 -   ao    f- 
i i: 

= /" BSO 300 f      «70- 

^                    : "";'_ "...i_-. 
155 = ^   85      ' : 

"          _   ,                                 .   si 

45" 45 

i—i—-•—-    __-, 
 : 

A * g* » g     ' 

' -    "       ~  .       TÜ.    -Z    -W~*         •.."    -                -? 

* Grude estimates. 

——: 

Tin iiii inn iiiiiBWBfflüYiranmanTf'-raff 
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4^,^THQDa..,QE:--IW^EQ-RA.-TX0IT, - .._...- 

Tue- integration of the- differential equations is, one of the 

most difficult problems- in the s^luti-on of the flight trainer equations, 

and one on which a large amount of time has been spenta    However, no 

dec-orsi-on-has yet -been made üs 'to 1:he^möst^~uTt;abi| methW 6"?~inte> 

-gratiün,    .This, section outlines the difficulties -involved in the 

integration, ..gives reasons for the reject ion-of. certain metheds-s-an^. 

describe's a inoaifieg Afoulit on "methqi-whiöl at-.prss^nt &^pfsjcf~to^be ~ 

the most pisomi-sing.- 

. „^     f^ dlfl'.ifev^ties which occuf may be outlined äs follpv/sr 

; i«, „There, is a system of 10 inter dependent differential 

.equatlphB;r 

2.  The^ derivatives' are given by complicated expressions 

the evaluation of which occupies ä major part of the computing time«, 

-" Seö-fö? example Subroutine No. 3«; 

-    3^ These derivatives_c.osta^ __ 

defjlecti-bhs of the  control surfaces.   L-e .    6^ ,-" 'etc.,  and other- .pilot- -  -      I 
j & a. ,    ^ 1 

or instructor^introduced quantities., as well as. terms independent of 

*-? P£1<?t 'an(* instruator.    The terms independent of the pilot and  

Instructor are in general mathematically well-behaved,  but the others,," 

called the      6-^erxag .are unfortunateüy il ^behaved.,. 

«..Various equations are changed or partially changed 

depending on whether' the airplane is in- the air or on the. ground,, 

in normal or stalled flight,  and the like*  so fcha/fc, any integration 

-method" -us-exi j^ust nanal-e"these transitions pr'opepiy* 
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So Ws are ooa«3«r-ned. with real tlise simulations so that- any 

integration method using, a v-ariaÄ. time- interval, .or an indefinite 

.tiäiabör of repeated •oper-a.t&pns which re>s,üi.t in, .a. non-uniform total 

coföpüta-tiön inter-valv* isunsudtahie* 

Jii general the. discussion win be confined to the single 

-tiffö-rrestialr~eqWtirön af W£^: r%5r 7~ W~even T^fpfrxjj"-wher#~ 

knowing g .,. their x       is to be fpunds.    On occasion it may be ne* ~   -- 
n- n+1 

cessary tc^npte oxplicitly the existence of many equations of the 

i.ormx^ = f s.(ti x; s    6 .).| even, thsn,  ön account of the Complexities^ 

of the problem, the profuse fiptatipji may. be ißj3ntr_acted^ih_many places.* 

The notation -aggg- is listed and, explained,in P.  4*6-. .„  

It must be. kept in mind that this is a real-time simulation 

problem»    Hence rapidity of solution is of primary importance, taking 

prefer i no© over h-igh-per cant age accuracy*    Where a method öf Inte- 

gra tich calls for computation of more than one set of derivatives per 

interval it is discarded in favor of a methodinvolving longer inte- 

;g-pa^i,on=:time- but- oh3?y;one -der^ra^i^ö-evai;uatföhT^'-=^: 

-Äs -yet-,., the- most suitö.ble. method of integration- has: not been " 

determined.    Hence the diacussion h^s been kept brief a;nd should be 

. interpreted only ,as= a, report lof jpr ogras^ .to. date... _i_- 

&LZä£M&fiiX&a£...MhthSgA-of Integration 

ine mos^ important methods available are the following\i 

1. ,l?aylor*s series 

«. -The method of ßauss.  ] 

__.._• ^ ..  _J  ^.„.„^^.«ungö^Eiitta^^  

—WMMSggMWBM—mm—•»*.    • i»iw_im IH»JIJI—•!•! i_jg-ggs:rTar;.-j;;s^j.y.-i^^^-„Azs^s^=sarjMB"u=-—««iJi^iBTiiTiiiiilrrniTirTli-r-'
ir'"**°Tr     • ••nniwiT~inniiiii i IHIIIM• ni • 
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4. 'Milne. 

5», Adams-Bashforth (ä) by differences or (b) by derivativer 

ordinäres 

6».' -Moül-tön 

7,, Relaxat'iöh, * " - ' -- 

The Taylor's  s.eries. method makes  use of the^expression 

fi t = t        - t   = constant n+l        n -   - • 

This äe,thoct. is ruled: out because of the time required; to „eoatEute.,.tM. 

second and higher order- derivatives.     In any case it would require 

jöiö*i<|dge of the/   6 ^derivatives* which are not: easily obtained..; 

,_1P   ,    Difference methods vising variable interval • . 

(tn*k ~ %&k-i/ *n+J * *n) J5^^ aj^the G%»s.sian method, fcause trouble 

sine© a time simulation problem is treated most successfully when 

•equal- time -intervals #re- used. 

In the Eunge-Kutta method      - —  '   . _  _ 

\# 
. >    vi.*& + ^L .      „ _ 

< 
where    (k)„; = | % Ck^ *.«&8^ * Bfr^ + (k-4) 

(4.^ -  ß> 

n 

n. n " rr    n  - 

):= AtfRt + g At)- , 4g;~ |fc> y 

^)- -=- .4* *,[-<=* -+ ^Zr^-fo-*-!; fcHl 2   u •"'a*  VA r » % ;n 

.     s .33,     - -<«-....    _•«> .«, - 

I 

I 
.-—=31 



where        A-  •   - " C*+  -k^.    •»    (x)    +1 (]t )   ,.  etc. 
"*       n n     d     l n 

This method i"s< generally considered very accurate,,, but  clearly is very 

complicated,.    It fre comes, •even more so for, a set of diSifsrehtial, eqwar 

.equati'phä and must be ruled out., 

in the. Milne Method,  if x = f(x,t) and x    is known,, then 
-XL 

i) A first approximä-tion to x , is found by 
.   , - n+1 "  """       - 

(-4.1-«), •• 

where 

% (v WW * I <•% ~ hr%+ *W' 
3-1/ x' - is su-bstituted in x = f(x,t) to find the cörre 

n-kx - • 

value -of x':' -*. --•--"- - • 
n+l -     - • 

s   iii)  x^+l  is substituted' in 

A,äiüli^ioall^l5^ 

- ^ Ä'n+i and x
n+g aS?f?e 'bö desired accuracy^, the. 5^,     is correct;  if 

-t'hey~dp. not agree- r±n-g-en:erä4^ Nöte" that"-----—= ~—--<| 

the Milne, method reajiitfes the storage cf both; der i-Kätive-and " • " "~ 

x-ördinätes; hence it, was discarded for'.simulator use. 

«W£Si«^ill^J^--ÄB1^_Ä,-v*.*-~«i* 

i 

1 
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In. the Adäms^Bashf pr-th Method 

Vl ' *n +  ( & *> %  <%< ^, \*ü ^* .....) (4,1 - 5) 

wherä 

•n     8        ^fc      IS -n     8 n 

*   %=kn-^l 

n n nHL        n -n-^-1 n-2 

-« n • n 1        n n-1 n-*2       n^-o 

This method has the features, sjaita'ble to a; real time simulation- problem» 

naniely only x need be.. computed*  there Is a uniform interval    A. t and 

the integration issl:mpie»   1B&caus:e. it, uses differences: i-t is par- 

ticularly suited to hand computation,,    However, for machine  comjutä- 

^taoh it •was d is eärded in f|vorL öflthe;_ °^.?.r®f Poilä^S msfrfr°ä' which uses- 

aerivätive-prdina-tes- directly instead of 4iff ereiices*    This latter   . 

Ehe styrtfhol-   V.   refers to the',backward difference!! 
thus-   v^;= xn -4„1# 

II »WHIH       l»M—«1—im   I "' —•—J~^-=a—•• »• mi • in I'I'T^.. 
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for© that the Stoßtensen method uses the forinulä 

%*1 s Xn +"    At    0-,   [^f \^t   ....  ,, i^] <44 - 6) 

where-,, for example-*; 

CP    (i),   ]2: =  0   Ix„. X.     .X  '    3. 
-1-        " In      n-1      n--Ü 

«a 

3. 
3P 
3-e n n^-I n-«s   - 

In the Moui-ton method there is 

i.) An open integration by the Adams^Bashforth or Steffenson 

Method,  io.e*i by use of a D-   or an C^*. 

_     li) A cheek on i) by a closed integration Dg. or 0go 

iii) A repetition of D2 or Qg check until there is no change, 

The use of Dg (or  0„)  to improve.on D,   (or 0r)  is entirely 

analogous to the us.e of the S-ö improvement on E,,   in the 

Milne method», equations 4*1 ~* 3T4o    This method was Used 

in. computing the. uiaroßuwres.. to. be. .discussed in..B... 4«,3 .and 4,ie, 

Relaxation- meth/odjs were d-iscarde.d because loy their very nature 

they are unsafcte'd" to a real-time simuü.a;M.ön problem» 

A.« .2. „-The-Ivioddf.ied Mou'ltcn 3äe±höd 

--..iiv;     IU9M1VU      V-^      MO     u.i=> OW-..J. L. t?u     itil      WHO     jJU.XJ0.^i'iX}Jli    •}." WJJ X t3 & O -.'. V £?     K„U      - 

-     -      -    -   - - 7 '^ 

initial attemptPtö obtain some, of the  advantages of the interativs 

' ppen '•^^^l'ösßarTüce^ä^fön'^pr15cedure^ just "deser iFed^aW^yTt ^"aWi'5 

the exterijive: additional  computation, demanded in evaluating more than 

one derivative per interval.    In-princlpie. the method consists of the 
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first three s,t©|S: of the- Moulted pnoaedura-  namely (1) guessing a. 

value x^     % Sfeans of' the- opeh-ihtegration, formula   I Ok   (x);   j    , 

(2)! evaluating the new-derivative .^  and .(§) guessing-a mpr.e correct 

€i'^ *eans of ^ s'los^ formuia  I 0g(%^ 3 ..    Here the process 

for the interval (t^  tn+i)  is terminated,, it being assumed that 

*n+l. "' Xn+1 ^d %+1 ~ x
n+1

n?aii QrLOUgk"    Since the step immediatsty _ 

following the 'use- of Og in- ,(S> involves tie-use of Gn   in (l) for the 

succeeding intervalf it proves possible to merge-these two  into one 

step using ä closöd^-and-ppen formula denoted by Or, -        *" 

The d.erisatiaa of. Ög is .straightforward^    The stops iH, &h— 

'('3) result in the equations 

^i = xh+ ^i^A..    ..,.. ..^.ftMl 

» ..   . _,     . -^...... 

n+1 n+1      n+ju    n+X J v.*»«-«*-/ 

respectively.    The first equation f.pr the, next interval is: now 

written; down and, :by means- of the" above" eguations,   is :put. into it 

finsLfprnu _Thue» _ -     ...    _„   -._   .   . 

s 

X» ir 4.    ;f- -A   Y*vA        T «A. ,j_ 
n-M i     n+i K    ,.   .;- « 

1:^2^5) 
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^*2 * -^Hrl  -*     '^^IH-l k+1       '     At 

where 

[V*Wi=n * «V V%+1 * öi<*>h% 

?°T-emipl~e^W-m6-m orSsr »SpKsSSäf 3;s for :<>   fey the interval 

^n» *n+l^' ls S^6^ fey ' 

r «   /?\    -- *   • 51 
O R - O ?   X. - - 

'5   . .3   * 
3 - "a      XZ ^n-l -'"'  3 An-2.   '" K'^ 
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ft'i's paragraph is concerned with the numerical computations perf'craied 

throughout the course- of this investigation« The initial purpose -of these 

computations Was to become' familiar with-, airplane motion as idealized by 

""'    tile Erco equations "and to study the =p.ehavior of the parameters of flight.    I 

As -the investigation proceeded.,, the computations served to ch.eck the trans-?   j 

-• • formatlpns'af~äyn-"äjff^^^ -of parameters |desöri;bed    j 

-- — iii §8'}, tö study therbehavio.ur-pf the -mödlFi-ed'Moulton integration prp^ 

cedure (P.4.-0)i and to ascertain approximately the maximum p.ermissablg time 

interval and t;he order of approximation--of a usable integration- formula,. " 

threw   * % 
Finally;, the computations/light on the, difficulties introduced into the 

. solution ~of"the dynamic equations by/pilot- and instructor-introduced dis- 

continuities and by "compliance errors" (discussed more fully in. P- 4.4}.. 

The following computations were performed: 

fl) Approximately level steady flight, using the given'Erco 

equations. Flight was computed for* three seconds, from an arbitrary time 

zero at ä~aesond intervals .using the Möulton method* 

(2) Level flight, using the' transformed equations. The computa- 

tions picked up et time 1,7=5 seconds from the previous, computation and con~ 

*~    tinued to 3 seconds at \  second intervals using thj I4o^llöri_metiiQde 

(3) "Immelman. turn"-,, Beginning from level flight at- three seconds» 

1:1 

^the^st-iek^-as, assumed^c-mövt^ack in sucn-a Way ivhat 0 •" decreased     ~~ 
— " A^ 

, linearly with .time at the rate of ».1409: units per second;   this corre- 

spond's'to maximum" eleVatpr deflection in. three seconds.     Simultaneously 

thrust .was assumed to increase by ,.0039 unit's per sec.      Jhe Imme.iman . 

turn manoeuvre had to he terminated at I-pur -seconds bemuse the 'airplane 

-was found ^^hä^jjrö^i^-l^^lL^^^^pmp.üt.at4ph--was-,p@iif©i^d-ence--at— 

^ .second, and' once -ati/lp";second int. efyai's using t:he Moult on-method,   and 

'Bmmm^maamamsssiia^sxsaBLSS^BimsasssaBs 
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at 1/16 and 1/32' second intervals' using modified ;Moü3ftön method» 

(4)     Test- roll.     Beginning: from level flight at three seconds,  $a 

was varied as shown; in- Table 4,3r-i,   and flight was -computed" -at it/8- second- 

intervals using Mpultojr method-,   and at 1/8»   1/16»   and 1/32 second inter- 

vais us-i-ag möd:ii!:iÄcLjv!Eault.on_.me.thodi. ^_Thei.inan"o©iiv.ce. •jpiän?esp'onds to tnäximum 

deflection of the stick- to the left followed fey_.return to. center .ppMtloh 

• TABLE^   4.5-ri 

t ,3.00      3.185       :3,25, S.-&7-5._._   3; S3     "*ä..5Ö      ' 

*-a ° .2358        ..4716.       .2358 0 0 

in ^second,. ,ahd is evidently a manoeuvre frequently applied to test the- 

de^CT^öf_.aige^af.t..* That the, manoeuvre is a realistic one is. shown by _ 

.t-hg rep&rt^ just referred t_o_and\ also by the. results of ^ ,group :at i:he_    . 

Eranklin Institute who were engaged in the study of pilot reactions to 

simulated but realistic; flight requirements-.     Figures 4.3-1 and 4.,3-2 

are transcribed from -records tak-en'by that =gro.up-. - 

;(5^)     Parametrer. derivat ives fqr; selected mahoeuvfeg   (|>v  q,..., 

-:P»_5»-**_,i   S$'?ii^_   ?°? *bese computations the equations of motion were    

differentiated repeatedly aiid;. the higher order derivatives were expressed 

as functions -of the parameters and the -dsri/stives of 16wsr order»    The 

coefficients, of the ö^deriyätives were computed as. separate entities: to, 

«aliöw:_chM.c.e:_ofl realist! 

The selected manoeuvres- arid the assumed parameter values are displayed 

InTäßtl'e"4VS---2'     ~"r~" "•"-' '      ..'"^""    -        :" '•"'    ~~~ ., 
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TABLE. .4.572 

Initial Values Used' in Cfeifea-iäii-ng JJei^i-va-ti-v'es 

Hjgh Speed liwnelraäri. inside outside IfflmeJaftT:        Test 
Mahoeuver        '"RötT        ~ ^i-irpoyer Lcop toop Turn RoTT 

t =^, 0625' t=3=.i:25 

-ü- 0,512    .     0,S12_ . -.   Qv512 0.:5IS    -    ©,-4$9 — -©'.469 

v 0.05 0.05                   0                   Q                   0> '      0 

W ,v 0y099 0,tjy§            Ö,0B&          0.099          Ö.G42 0.042 

p 0.75©' G.750                0   - J_J5                  Q "   Ö.Gll 

Q Q Ö           •    0-.8 '--^ 2            -0;Ö1Ö -0/014 

?    ~" 6.'55 0..55                   0                  0                   0 0,;ÖQ2. 

h. 0*500} f..50Q.        . Ö:r.50^         Q.50Q   -     0.606 -   <0.-6.0fr 

_^-_~ ~- M- _~£_ ___^...5GQ^„_i©iJ5QQ^; _Q• ,.,,'^-- 

-m^-^.  -: 0,-500-^- --G>-'5©0-    ,   -    0=            — 0 :  # 0-002 

nä 0 0.0                   0     "        =©. 50Ö- 0.:590 

5fd Ö 0 0  ~ _        ~ ,G "4 0 

6a 0,472 0V472     ~.        0 ^0- 0 0.236. 

%. >,091 "' "~  &#£"'"" ö 0*0 0 

J.e^-^ P* 0 - -p.. 273   _&J5B:_  : :Q.i309._._. .CLOoa. 

Ix O.202 0.202; 0.202   _      0*202 0.376.   •    0.376 

f    -_ 0V75P 0,750 0.750 ^ 0.750> 1^073    .    1.073_ 

!.-•.-•   -'0*491.   -   '0,-431      Q,A9!L-       ^491- _.__ ^Oöl -     '0,083, 
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The derivative computations vfsrg performed, to a precision öf only 

three decimal- places; however,  the integrations were computed to six 

decimal places to eMMiiate round-off error.    For- the Moult on method,-  the 

.integration formulas used were: 

,—_ -_. __(Ji-)^—• Ö];!öix—integ«at;i-Qii —. - •  

ÄX 

-* :E2*J646S? kQr .3.8527 x^.i+3,63 x,,--l. 7694. z_j 4?73i~1 

: + .34861 x^+ f Ä t 

(:2).    Closed integration, 

 Ax = M^ -i-f *i--^3 k*^id_At: 
-"    • • - r .    r .       _.;;.-"-•""-      T"      4.3-2 

a 1.34861 Xi+. $972 xö-, 36^ x_i+Vl472 x_2^.-02|38 x^s3At 

i'       ?        __JL^2   i -.    1   ri3  »       .1° 

Closures were repeated until, the successive values of corresponding 

-parameters- agreed to within . CÖ01 .(although occasionally agreement to 

.0.002 was accepted)-,    jft>_ inore than three closures were required for any 

interval encountered-..    ^      -' -.      -    ..    _    .      ••* 

<•-.•       For the modified Moult on* integration the gorrnftla .used was 

..Ax.-~aJ[Lp._J3a..x— ~^ÄJäb^fc;^_4t^^-w_j:.5i-sÄ'L.«L : ^z^%g^f~-^-"--"-~:-"-- ~- '-- 
 —•—~—r—     "0;—     r"---»^V   -• -i     *     riitj;B3   3¥=2    ~    LI. (SO   A_3       «     - 

* + 2.Q916 xi4 .» ..34S61 x^el -At    :' 4.3-3 

Tä:b1L'8~"4;,;3-3'i;   rGoapäri¥on"of'r"Er^g" and"tr^öi^rm^areäuätions :   *~ 

fable 4..3-4*    Derivatives of flight parameters for some of the selected 

fli-g-ht Conditions of Table |.,3-f 

Figures 4.5-4 through 8.    Graphs;, of Immelinan turn, manoeuvre '   " " L „_ 

iigmres 4.3-?9' through .1:7,  Graphs of test roll manoeuvre ------ 
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" _    •"     j 
SS2fiyE0iiSti2.a§... Träns-f öriftSä. EMations. " 1 

2,00     .&.§&   3V5Q>   2,75    3.00       « 2,00.     ..3.25   ,2,50-   ZM    3.00 

—r4§8fr—64 -88"   ^98: _ :;.95      . _^jA__m___.8A^-^s-=^^~^ 1— - <^^^           »**_r~ 

w ..0414      15        19        2©        ,2S ...0414        14        16        15        16 

Q -..£144      31 .33 33 42 ^..0144 41 43 41 43 

4s -,0.155      20 083 ,053" 020 --Ioi55 19 084 048- . §13 

Äs. -" l:.ÖOO0.•""- ÖÖ 00 -0.0 00 1,0000 03. 01 01 01 

k .6067      65 65 62. 62 .6063 62,. 61- 59 "<5£. 

Süjnmary of Tables    4.3-4 -I 

T-abl=e 4.3-4cj    -    High Speed Roll „Manoeuvre, 

Table 4.3-$b    -    Inraclh:sn fiipöyer Manfeeuyre 

Table 4.3~4c _,~    Inside and Ättside Loop Mänpeuvr.e 

Jäßie^^rM^^r "imnelmäTiJ 

Tafele 4-.-3-4e- ':-*'-" ^est. VRolI' 

.  •"•: ••••••-•     :••••-    1 

-These, fables ane to be read as in- the following example taken front the       - 1 
'   '    •-••••       ;•_._.,.;:::.:::  ./ ::__:. i 

;^H3?ghiSpe.ed-rRol.l-.äviänoeu^re':;   .:,    .:ii: 

U(   "»1* * «aOi^SPC -; V68 5a + 6,-& 6T - 7;ge. A* ~ ,.86, 8;*a > +02 8fl
(8> 

-,.84 6 <H- 6;26 V-^.54 6^8' 
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4,-4 fiiscussion of, JSg^er 

This paragraph. Is devoted to a general discussion, of .all the 

recognized sources öf error 'encountered throughout the prö"blem-. 

Since the- manoeuvres were computed to six. decimal plad&s Whereas, the 

iterations were- tor.min.gtda with agreement to.four places, it is rear? 

the, ^bilowing, discussion.-, ~ . „_ _  „ • 

It was anticipated, that the minor mpdif'i^ations introduced 

intc the aerodynamic equations-in section 2 wbuldjiav<3 negligible 

effect on. flight characteristics;., fhe two- sets of equations were 

applied to level- flight,     -The. results are tabulated in Table; 4,3 - '3 

and are in fact in substantial, agreement.    Consequently,   it is felt 

that for the purpose our flight simul-atiön» tte~trähsrörmedleql^tlibns 

of P &i7; are'equivalent to the given Krco Equations,, 

fhe_next_caQurce of error is the truncation, error which is 

rcn-t-in-'tPiC u^ 

which depends both on""th& order of -approximation, k, andi on the 

selected- time, interval v  St s ^p+l ~ *n i's given by 

E^At = ak , *fc®-&A__m*±Z- ''        kl r 1 

wrere  a^ = a consEam;, dependent on te and on the formula. usedr 

j(k+2, .(g\  s value of the Ck+2)fth derivitive at the instant •£. 

and- ;6    - an (undetermined) instant within" the time, into* val 
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the vaau.es •<$$ e^. for the, open and the closed fbrmula.s 

4,"3. «• .1,   2 are tabulated in Table 4.4 *• 1.     Thus,, for  example*  thö 

truncation error associated with equation-. 4t-3 =• 1 is. -    -- 

.%_? 0,3-3    x m N6 (.4.4 f 1) 

Table 4.4 - i. Truncation error coefficient, &>. 

v. 'v"' •'_<• > • 

open 

,1 
^ 

? 

closed 

Iff 

1, 
12 

v&gf 

^ ,083 

Be 

;I 
24 

3' 

.203! r- 

r ->042 

;•. 720 

19' 
720 

• •35= 

.026 

"22L 
2SB 

3 
160 

.-33 

.019 

The following three conclusions are a direct result of 

equation 4,-4 •-*• 1 and table 4.4 -= -1: 

C-- 

(l) the, oiosed^integ-rät-iöh error- Is from five, to- fifteen: 

times, smaller than that of the open Integration: 

(Si) the error coefficient ä^^^crea.sss^slowlj? Q& the^ 

-J6p%<ar~a£- ä^»röximätioh" inöreasesj 

=(üi5' fö? any pre&sslgned order 'of integration, k» the 

error „increases approximately as the -Ck + S)'th jpower of the 

interval,  i,,ee .§,§ (At) •+2?    In particulart-_ if the interval be 

doubled the error increases roughly by 2 k+2. 
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-4.4*2* 
Hi. «Speed Roil  {assuming -j^'seoond ipierwals 6'«"=? q for all 

% 
j > &    all 6's) 

-*-—-,.   ••   •     III,..-I.«Y,   .,   „.,',., „ 

*3. .       % (,   *„ s ,%    .      ,  *>3 . % "   EU "~~ E* 
fepen)   -„Copea)'    (open?        ^lö«^;    Oelofed)    (doled)* ; 

*ÖÖQ18      .,;ÖQJD1-S'      .„"Q^ÖÖS 

j;    .00220       »0000       ,000.05 

«ÖOIÄÖ-"" ,.Ö0.G12      i.GÖö 45 

,00042 jOOOÖQ ..QQiDQÖ 

.00033 * 00001 „Ö0Ö03 

L f-9Qö69       .00005       .00011 eJQflÖii. eoöooi ^eöoei- 
-   .AAi5-X.rv 
,V"V"*v/< ,WiOU *~U0ÜTJ 

.00J8Ö ,:. 00140 .,00014 

.OOOgö' rÖöbl5 .0.00.02 

.00140 i©0390 ,0007.6 

.01100 -«0.0100 ,00-133 

,\jvvav .00006 

10003.4 

.-O0Q13 

i.010.027 

.00,220 

,-ÖOOlS, ., 0.0001 

«-.00OÖ2-. iÖQOOÖ» 

^0004-3 ^0.0.006 

. oöoii ..eooiO' 
4,.4-2b    XiMfliaan Flip-ever 

_J 

i'"•"'» Vf "iW*s 

.00510 .,,00180,- 

*^Öi50j_ iO'ÖlSQ- 

.J5ÖÖ99      .iQÖ44'Q 

.9 yv^vw» 

,0002? .00015 

ÖÖÖ19        ,,0O049„^ 

..a 

I 

..01200       ,,01400' * 00250 S_ÖÖ150 

4.4-r2d    "Inunelman turn" 

. VOVDi, .00022 

.00042       /0.0Ö3Ö; —\W5Ö§ 

.00004 

"*0OOO6- 

»ooooi . 00000- 

.   \jwfi ,-QOuou 

4.4~2e     fest- flöll 

n 

r .VUU40 "-, 0001Ö; "  i'ÖOÖOs" 

. .'GÖ003  .00005 

.00008" *.0ÖOÖ2- 
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OH. the. assumption that the    -derivatives do not contribute 

appreciably to the parameter derivötives,  the truncation, error for 

•T?   second interval ..for selected integrations were computyd from 

the derivatives of Table 4.3. *• 4*    In particj4a?t J#L^L *siaor^ 

for the. High. Speed Roll were computed and are shown in Table 

4.4 --!• 2a:j  tfife- wögst, gages for the Immeiaän- flippver and -the, inside, _ 

loop in 4.4 - 2b» ,c,i- and the worst, cases for  *Jmmelman turn.1' and 

tejt roll; (whlöh took account Öf ^,Sii4 ^öä, .respectively) i» 

. 2V4. -.- -2d; -e.    An examination of the table indi-Oüte» thut third 

order open integration results in- a maidsssyä -erl»or of about 1-CT3 

for th© -i    second interval? with plpsare the error is further 

reduced to about ICT4.    The error in *<f is perhaps ,on jypeptlon 

,in tbe cas.e of theInside. £and Outside)-Xoop,   since iSp;ii£-srer;y large 

in thisr^case*:  However,, it is act certain that the ärtificiaily 

chosen flight conditions' are physically realisable" and this- error  ;_ 

may be fe  sely exaggerated;  computation of a portion of the mahoeu* 

vre on a high-speed calculating machine would yield a more realistic 

value.. - -•..'-. 

In any event,  it appears that third or at most fourth order 

cioaed integration is acceptable at i~ second interval  insofar as 

truncation error la concerned,    it follows that the. computations 

of P'4,,3 -by Koiii'con method with closures, which were repeated until:, 

agreement to I0"4 #Q.S obtained, are- ascüFate to that precision. 

to determine, the err of  of the Modified. MpultLi method, nots - 

"fli-st that the= error in; 4.2 r 1 is the open integration error, due 

? %c«A . **>'** ; ;*i tf ,ö|^M {^ m. feA. Ä. 

_J 
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_WhÖre P( km i? ^ BöSfelWä value of x^> ^ &$ interval 

'*n^4* \*l"-* ^ 6n+i ** ass«me4 perfectly accurate for the 

-tnontfist,. m«n^h>-v^ue-dbteined-? or x is given by ~      T ~ "" ^ 

-a-K1- - ^—si«aJ..»-JStL-.-i-)i— I 
^   (ti,,1.     X-.iV   +  .-§£.    fY>      •     .«.   v ^ 

""'/."fei'^-Ji * ^  •- -      to -3) - - 

so that the error is ^ is, approximately ^ e^     Jhus-, in      7 - 

equation, 44,8 .- 3-) th> error consists ö? two terms., one due    to     "~~7; 

. ^i^^^Ä^^^ton ÖgjTthe: off^MueM^Sirrvor lii 1»;!/ "^="~'^" 

Finally, frori ©gtta^igäJ^S r- •&, it foliov^ that the. full 

error,  e^    in proceeding from _4+1 *° 4+?. is composed of "the 

following additive terms»-,.. ..7.7    .,.    ,...,',... ± _...   ,, = „_ 3 

(i) the error due.to closed integr.atioii Q« 
< 

.02 
Umax        '  1 

C-ii > the. error Introduced by x* gwen; by" equations, 

4,3-; 3 and 4.-4 - 3. to, be- 

~  (iii) the error due to the difference of twp open 

integrations in two successive intervals. 

The second, error can he -written ;as -   ".      -7 

=?! 

KotnSi &SK0^SSVr^o£K8&BSt3!a3£Gff&31X*K' 

1 
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inspection of the differential equations shows  3f_  < 5 

always and for all parameter-s»: so that th-is, error cannot exceed 

I        [max 

• J 

The. third error is of the order of 

JiLh x^ -—-i  
s33Ät> 

.a.--    _•.-„». ^-/_i\.r 
Sff ------ 

I I*     |*iax        p    Jmin, <  gxW it*. 

I 
B 

—*1 

Consequently, assuming neglibifcie x% * 

i'   (-©8».s5 tfs>l my* * 2X(7>At7 

+ •£     ö)(|   f 

f max 

(4,4  ^ 4) 
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Table 4^4 -• a lists thö*-maximum- errors for the first 

•~r second Intofrval in whiefe tjjo modified Moulton method was 

applied to. the. "iminelman turn" and to the test roil« using 

equation 4.4 - 4,    At ;the= same time the actual error (difference 

.froni, th£ lte.~a.tedl Mpulton; method)' is„redo;edeji4^ J-t^is-cleay -^~-~ 

from the table that the errors Incurred greatly exceed the- 

anticipated maxima,    it follows that the truncation error is 

npt^the xml.y source, of er.ror'-) ,in fact »-it- appears that the 

truncation error of the modified Mouilton method ii? hot large 

enough of itself to Msf.e introduced exeessive error. 

Table; 4*4 - 3.    Actual etrpf ys\  computed maximum 
"" •-      _" • tr.üÄ6a:tion^ilrpr,""."    , 

Manoeuvre 

Imm.eiman. 
turn . 

Test 
roil 

Parameter 

M- 

T' 

Actual ftrror 
Computed 
Maximum 

.000,8 

.0165,3 

s003,i 

.•0Ö2>;Ö 

-000,01 

.000,03 

,000,i05 

,Ä 000,01 

xMcua axo -KWO' wjLa±\,iaxiai gp'orces 01' erroi* which abcöuht for 
$    - 

tM failure: of the. .modified -ifeulton method-at ^second interval .< 
16 
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me first 6f these has to; do with pilot and instructor information* 

It was- pointed out in P 4^.3 that ö- behaviour can 'be rapidly varying 

or discontinuous..    However*  the= effective &• be;haviour is implicit 

in the approjciinatiön formula .utilized.    For example;,   in. th^case 

of a step -discontinuity the $.. behaviours Implied for first and 

7-W Wders TO shown Ih]^gux.e:4*4 -•- i &nd for "small and large" 

intervals, in figure 4,:4 «. 2,  closed integration, being assuniQd'in " 

both s^se'sv;~7mere. "tne~ i^t^gratilon; Is open.. ^#Ti£piic|t; 6jp~~|,r~ 

hehavloor is äefcärminsd by previous history so that the  6- curve 

-does not öven pass through the true value of 6 at. time (h + 1). 

ihus the implied -ourthj-or4er 64^ of the Test, 

Boil is shown in figure 4,-4 ^3^    A method for reducing this source 

of error is  suggested in ! 4,5, 

/ 

••->•    -.X---.--    - l „ -I.  

-*»• 

Figure 4*4 - 3 



A-*Ä 
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The second source of error is the delayed propagation 

of disturbances tbroiigh: the parameters-; this is- equivalent to 

the error caused by compli=ance in an analogue simulator (see 

P 303).' In the case of the Moulton procedure» the compliance 

error is eliminated during the iterations-; in, fact, the major 

p.ur;p.ö;s.e.J3f _the^many- clo-sures -i-sr to permit -the .primary ddst-ur^- 

bonce computed by-the pp«n: integration to filter through and 

•e.xe_cute the secondary disturbances..---^feaffiplss. taken from the 

-test roll <©omputaticn are shown In. Table 4.4 ••  4, together 

•with the ©brresponding results via the modified Soulton method 

(ail at 1-/8 second intervala)v 

Table 4,4 -~  4. , Test roll computations, illustrating 
jliance error. 

'Para^f 
.me.teÄ 

>     r 

I  JI.IT    I     .   I      J lH»l«  , 

Moultbn iiiethody. time and i-terat-tpn. 
number 

4-, 34. ^2 
8 

,0110. 

.0022 

§ 
,0106 

.0021 

,0038 

3i *i 4 

*0903 

 : . i' 

.0177 

3|  *& 

.0559 

.0319 

.0106 

*1 
4. 

iOS74 

»0110 

.0449 ,03S8 

s Modified Möultoii 
methods 'time  -~- - 

% si. 

,0940 . 

0       ^0189 

>      n 

;„äIü«H!J 
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^   -FrOK.'Table 4.4 - 4 it is etident thai the. fi*gt oration ! 

Is- almost but äöt g.üite fully effective in computing the usp*^. 

«te4 behaviour of 6;ä  on p and r»  two of the parameters Im-i- 

mediately affacted by   §^ehaviour;o    -On the otherhand* •&!&."   ~ 

only after the .alteration of p and f has occurred that the re- 

sultant effect on % it «ained^easly, thi* d* ^asause m3          -  -'   - 

is only indirectly dependent on 6 through- p and/or r, 

...    _^.._ AJP'i$4*lY-§- alteration of „the.-©e.thQd-of.~i-ateg-?a4io« haa-    - - 
i.  
t>oahr»ügs«r«ttBa-Fasa- ^£fiifi"iriÄe^rf?©^"^^a^irtoMQäte 1 

that this' approach shows promise. Insufficient time availed to 

study the new method in any detail. 

. IL  J :„ 

1 
.1 

9 
1 
1 
I 

i»iggaa»sjegg1tagai«r»»Wi-j=*«««M' 
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5. PROGRAMMERS- 

The error introduced in She integration of the k&sesnätie equations 

is .proportional to some power of the interval .adopted.;  for example,   if ths 

interval "Is at änä .ff ~a ^äfrätW© föiftül^^ing^Iie values of x be 

emß$qye%^.ee^ov i>§- P]&f§i-fim0, to %$%   (see K 4,3),.    The, interval 

adopted in a real-time simulator has ä lower bound determined by the 
J 

length .of time required to perform- one complete, cycle of computation. 
« 

In order to obtain" an approximate value for the cycle interval,, tag 

equations have been prpgramg;.ed in their entirety using the modified 

Moult on method of integration (see P. 4.2). It was ,jf ound^os^jbJ^J,ji_jß.s^^. .Jt 

crease the amount-of computation by th© method of^ straight line appröxima^- 

tions described, in P» 5.1, and it is probable that furtheff gains will be 

made by employing the minor cycle technique outlined in P. 5,6. 

The program chart used for the display of the routine incorporates 

features which, :to the bist of our Icnöwledge, are novel; it is possible 

to count the number of operations in the routine and at the same time it 

wasi found that the flow of operations is readily followed. The required 

- teemory space may also be obtained from the chart, but care must he taken 

InTthis case that there are ho duplications in different subroutines,* and 

.^^.^^SlL kas^b^^ +Be  

raeniory.    Siiice the program in this report is only a tentative one*  ttiesei 

» preeautlonsT^ere- ömi&ted.    -The pr^grsm^hart isr^iYen in; Fi-p72^hSe tHe~   "" 

hüMber of operations.,  the/;mjmber of memory locations ^and -estimates of tfhe.--:—__ = 

cycle Interväi are given in,.P: 5.3»  5.4 and 5y5,,  respectively,, —" - 

; - ;   , . . . .. -- :-.-'.        Ü 
•   • • - • .       •        • ,   < /I 

1 
^•gr^s^ss-amaiäsat 



5.1   Straight; Line approximations 

The method öf straight line Approximations takes advantage of the 

compare  (.or transfer), operation, to accelerate the computation of füncrr 

be. explained' t-hrp'ug-b. this use'of an example;   as followst 

Suppose that it is. required to compute.. e-x for 0 * x •'£ J.3 to an 

accuracy of g -0.QO1.    One could conceivably use the series expansion 

X 
. .-s ft 
X X 

1. -=• 
3!      4!      51      6!      7! 

(5.1-1) 

Nooe- that ell eight terms are necessary to ensure the desired accuracy 

for•_% * 1,3.    To compute e~^by_ this equatJ.:ööjwould require |l): that thf 

number 1,3 be accommodated by the computer and  (,2)  that time be allotted 

to perform 7 multiplications and 7 additions,  both of which are 

undesirable. 

It is possible. to eliminate both faults by repiacitegj. equation < 

5*1-1 by a set of linear approximations. Lt,  L8,  I»*  etc..    I» parti^lary 

let Li approximate. e~x to the desired accuracy over the range x -Öto 

the  (as ye* undetermined-)  value x * a (see figure 5,1-1)^    Then it is 

required; 4X)  that Lt pass through the pöipt   (0>   1-gk   (Sf thai Li he 

tangent 

Pigure) S'-.l-l 

SSEiSHHksHfS 
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to the curve y s e~x + g at   (c,  e~c + g);  and  (3)i that a be. chosen to be 

less t&an or equal to a',, the value of x at the intersection of Li and 

the ;curve y = e"".* ~ g.    Thus if L4 be given by 

•t&en si aad b ai^e obtained from the equations 

sT°_ - g *-roto> *~£ " <5il-3) '   - 

(B.^.-At——..„,, 

andsa'   is obtained from the equation 

e.~? *g * ,iaa'' + *>    :      ...„._=_.__.--.. .     (5.:i-§)- 

5   . _v ._t  
-It-is---eäs^. to verify that fur the- case in: question, J,t is given by 

Lit v »• 0,9990 - 0,9375x,  Q | x.'« Q. 1305 (5., 1-6)      « 

Beginning at » - 0.1305»  the process is repeated to-obtain 

Li.:  y = 0*9837'* Ö. 8198X, £. 1305 * i-*-08-2695 
---•/-•-•        ___ _ (5,1-7) 

Ls: y - 0.9541 * GU7Q98X, 0,2695 <  x < 0^4188= 

eter __   '      - 

In this manner e~x^can be repreeented by eight straight „lines, each line 

requiring- two. numbers for its definition,, the set of lines requiring        ! 

seven (or at most nine), additional numbers to. define their ranges ias  

showu» in-Figure 5»1T2. 
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Figure 5,1-8 

To determine which line is to be used- in a particular -evaluation 

of -e7x, the procedure adopted is outlined as follows* arid its correctness 

is easily verified; by trialj 

i^-04.j>L_.J1il_ 
ki'-VCJ^»' -J.Z 

x < a« ^4  < x. 

x -< .•ag - x -| a«.   , x < a3 '   ''ae '$ x — 

x<aj = -aj,-gx - x<ä?- aS;<x x^a.g'' :-§.6^X r-_   X<ä7 ä*£x 

=v/S©, :  £r-i —=£*.---: :   HEa,-- L5   . is   -      -, -     -kr: 
*JW     — 

Step £. 

Step- 3. 

SirSp -4rr 

Gieariy, the number of steps and the computation time required is iiide- 

— ,-Pendeia.t of jhemagn:i^ude_ of x-i. Three comparisons, followed by one multiple 

cation sad. one. addition suffice in every case. The net saving over ,. 

equation 5.1-1- is then at least Q multiplireatiöns and 3 additions.* 

&<•,• 

The method has been Indicated in the programming by evaluating 
•    hii -       /       • - - • ......       .        _. __ .     .. J  

_gj     by means of three lines (see_sübröutine Kb. Nine,, ,p.   2.7/)>." ffowever^ 

.no attempt has been, made to apply the method there in ä precise manner 

since there is äs y>t »'>> tray to decide wi-t^h what"ascuracy the exponent 1*1 

heed be etfaluafecU ' s 

I 

«1WnBSm«JEsE3iJs•S«J!=e^gFff£ä 
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,5.2    Program Diagrams 

In .order tö d.et;eiMh§ the hOTihtSr of arithmetical operations' and 

the number of memory positions requires for the solution of the flight 

-trainer ^equation«, :m& _tLöuäv.iö*\s have, b.e.en.,.pr-Ograinme.d ILo:?-& ;hXpo,t;het,ic.al 

4igit.al-.c.ampui,e?v4\singr hinarK^r.epres.ent.atipn. .of, .infjo.CTiatJ.p.n.. Tiiis cpm.^ 

putcr is capable of the "-^imdaaeiital arithmetic operations of addition,, 

subtraction,, multiplication* and- division. It also can perform shifts 

-equivalent, to multiplying or.dividing by a; power of two* transfer of 

accomplished in other ways e..g., by additLp:Twith zero), comparison of two 

quantities to ,det.erm:lhd these, relative sizes  (sp-called "transfer" pr,der), 

and to extract magnitudes of signal numbers. 

Memory positions are assigned tio all constants and variables.    The 

('Analogue); magnitudes .provided by the instructor or pilot,   such as 6g_, 

'Öjj-, Kp,  etc.    are also assigned igeppr^ positions.    These. 5 memory posi- 

tions are filled, periodically by converters which generate, the digital  __ 

equivalent of the analogue quantities.    Tp achieve equipment economy it 

jnight be desirable /to use paly pne suph courrcrte.r- with .switching, devices^ 

so that these mempry positions would be filled in succession throughout ä 

computing cycle.    However, the integration formula- used in the; programming 

assumes' that these memory posit ions are. filled simultaneously at the 

^date.,line";,.    It is hot yet -definitely fenöigi whether or not:1 itjwpuldjpe 

,prefer;a^le_to fill these memory positions at any other tim«?s. 

Other memory ppsitf.üüä stpre quantities which must be. converted 

"to analpgue information tor operate external indicating dev-ices suph äs 

'•"" .»•^j»-=.Ajmi»^.^.«. —— .m,—^,—.—_»•-,.•.,,—,,  ,   «-r*TM«t«Bai-— •—_a,«jxs—.-ieaiJ 
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flight instruments,    '£~hese ore r-ead periodically for their contents 

either at. the date line or at  some other suitable time*    The most  suit a* 

hie time has not as yet been .determined.    -When any memory position Is 

read for its contents,   its- contents ar]e not erased..    Erasure occurs .only... 

when hew inf irmatlofc -i-s- inserted into rt or- when It.is-, deliberately._, 

cleared to zero., - - _ 

Computations are imagined to proceed' in order,- that is* sequent it ä£- 

ly« Thus when any one computation is being performed no other computatici 

is being ;doh.e.. This is because electronic digita computers '(at any ra+e^ 

those .built to date)  have only one arithmetic unit with i-ts associated 
— ^~- 

error detecting circuits. To perform the operation of addition,, for 
ft 

example,, upon two numbers Aabd B, there must be an instruction•-or "order" 

available which specifies the memory location of A,, the meisür-y location 

„of Bi the operation of addition,, the memory location where« A + B is to 

be sent and, in some computers, the location of the next order to he 

executed. In some machines e.g4 the. Harvard Mark I, the orders are 

usually arranged' on a "sequencing tape'",, so that the location of the 

next order need .not be specified.  In the, MSAG and EDV AC"-computers, the 

orders are treated .jüst like numbers and all the ihförmation concerning 

-the location of the operands,, the result^ and. the type of operatioLh i.e. 

the "(addresses" arid' "order type" if an order is .kept together in ä memory, 

position,, so that the order must contain an address specifying the 

location of the next order* The Hurricane machine, however, re.qu.ires 

two memory positions to hold an .order.  [For a iiicr-o detailed.discussi'.örw 

see. Section 5), '~       v " 

s faastamnsu SESSü? 
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The -equations Of motion involve,   in addition to purely arithmetic '] 
.        •       " -     ; ' '      "    ' .  •     '     . .   .j 

operations,  however,  the operation of integr-atipn which correspoüds tö j 

the solution of a. s.et of first» p'r~der hon-linear "simultaneous differentia::. j 

equations;    MPrepvJ^r,_ tlgy^ (6-]    , J 

whose behavior is not completely -predictable,     k method of reducing, the ;J 

.approximate" solution pf these diffeEeiit4,'al..e^u„at.ich3 -to-pure^-nume^ie-ai-—,-^- 

compütätions j.s. described in Section 4 of this report,    Briefly,  the   - 

principle of the method is  the following..    If the values of all the 

variäbles^f1'sonsta&ts are giyer>-at tin© t-,   the-yaliacs of all the va^ia^ 

bles at time tt where t-j. - tQ + At can be computed;, thus,   if this process 

is repeated the \alues"of tiJis-vsriabls's obtained v,i 11 agree sufficiently 

elosely tö those obtained.-by- a hypothetical exac.t_solutipn of the. -differ--^ 

ehtial equations.    To show this clearly consider the .equation- in~_SuB,rou~ 

tine No,  Three for Ap jwhich pan be written:    Ap = 4 /-iLdt. (-5*2-1). 

for At =? 1-16 seconds,  P at Mme t4  is related to pat time t& by the 

following equation: 

Mi = bio * 4 ^asöeiSs,.- „ssgfMr* . 

-A. -v. 

where the quantities i£L?, -_£1'"4 
"> -^    »    •*•« ~-~~    >   ('PT0 have heeh previously 

~—e-v-fiäjUssfeed-i- 

J^^ide?_^o^jheJ(^i^tioh. for .13. in i$abj«oji$iln.e^Nov...Öiie;L- 

13 at time tj   is related to l-# at ^Ime t    by an equation of the .same for;- 

as ;(•§, S^a): 

B^c^iBiitasAnmHJ t i üMI;/ : ^vtämSSf^lßtätMHMmm&mätitito mtoWSii!W¥8i>!BHBÄBlH 
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&&)*'    =     (L3)ö  +  I.I868 _(iar)o  - «3497   (4s-)^
+ .4450   {l3)„a-  ,3285   (Isl« 

th:     \ 

Jgowfefrgar the direction, .cosines,   of which 13^ is: önej,  mus;t .ke„nojmialized^  

This  is  indicated äs folio Wax    ^     " ' 

wfcere .(|fe8.);i  is cömpute.d from the- values- of  {Is)|,   (&S}.L and (K3)1=,  Note 

_-r—    -/«s>    »s-co**--* *V»AIUC   v*    ***v^   5uwo^i-j.pvo   U.UUSJ.UO    vile   £.».cuL*6.ixt/.a6&eS   2.S   -oö 

show whether the variable has the value at time t0 or tiirie t±.    The 

primes outside the parentheses  indicate that the variables; -are; tentative 

values subject, to-modification'such äs was done oh 18  i'h \eqüation ^ 

{5,,2r_5),,   "':':_ '    ^   '    - - - _ 

The computation of 1$- m2.,   and ii*  in Subi-öatine No.   Three merits 

comment.    All three are first computed by  integration;   then depending 

w*-———  —*-= r~?  —.-v" ~*   —a»   "»a«   czuu. „113.,,   wuic  ui   vii«  a^reeexon cosines 

la,  m2_,, >and,n2.   is) replaced by one computed by a formula to  insure that 

they are orthogonal to the. 1QA ms> .na direction cosines.    Then hörmali- 

.sst ioja: is. performed on .1«-.- m«. _afi<3 n«. .iri. ±h& s»m» .»»v. -+.v.a+- +_•»<..=, ji*Äi>tj.. 

cosines .x3/;rfi3,   and n3 were hcrmalizedU     For further discussion,   see 

Section 2.       • "        .      " .-.  

Ihen Subroutine No.  One is begum, all values of the variables are- 

-known, at time tP:    at t-he-.-subse^entriinie of entry into &abr©utiae fjp,# 

"^?J.  a^ v^u^.?t ^% v^^gSlgg'have;7been- cpjTipuMd^oj&J;iiiie^-iLo—The.se_ 

new: values, ^r the~vHSxäbies~ are'ivgen af^^^'M^ifpr^^^atk^i^^he'-saEz 

manner- as. were the variables, at time. tö,.    The :sö~-c:äiled äiaf/e.-r-line is 

thftre'fpx;^' crossed, ,wheh eht-griiig' Sx&r.gjtitihs; jjc*   <5he,i 

RgSBsaafasgfmnraoRBWRiiKausesf i^BsasmasmmtA-mimsEem^g!m!ssm^mammmBiiesss^.3sserssp^a<pt ats _3 



•E^Q 

Figures 5^2-s2; ia 5s 2*$ inclusive show the programming for onei 

.computation. cycle*    The program 'diagrams are divided into numb erect 

frames,  the first numb.er of '.which specifies foe subroutine»   . jhe sign if-5 

rcanee of the symbols is explsliied in. Figure §..8-rI-.^ 

A few other items- concerning the prögr'qm d,iagraifis_nee4 mentioning- 

is. Subroutine No.   One,  the quantities. fc,-^».' %b*  ^f.W»   ^ :5% -?? riöt '^°:"""' 

putted- digitally.    It was: feltr. tjiat. they' could be. computed more con- 

veniently by analogus means, ;siricei the integrands tare either zero Qr : 

^Jbavs const^t values^    •{*See'~3e^i6g 6V '¥f^%St'Z' [~==Z2l-^.~-~ - -— -^——- 

When going, from ^Subroutine' No. Two» tof-air*   it is found that thare 

is no past history available on the; derivatives of ,p„,. ~qr r, u,  v., w,   1;,, 

%•« -n;§.,  Ig,, ma»  hä-,  and h ngcessagy for the Quadratures- performed in^ 

Subroutine No Three.    In .Subroutine Kb.  3a» this' past history is cöDipiiT-ei 

from.; values- of variable§ Tthat are saved for this, purpose,  using the  ; 

•equations that fpflow: 

Q8 1 •• *i .= 
^-~T^.±TS.   1-   riT»   •._.— s#~ = ^-4-1^ ig or -^g~= o from Subroutine No. Twelve 

» 

ß        2  (m&. w .}. 

8 2 ;-» jtJ.f~Tßi^+-m\  13) 

? r§":(^-,ii^.+-8 %%> 
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^siQ'öE is 'computed in Subroutine Nöi Six 

iL        -i.-i.4-     / • »'    ., •    5    v 

Derivatives are• >tc^}Xi;eW^p<M "f^-'^ov-^- ö^ressiöüä' t'df 

times ~.I,  -2,  ~3,  -4,   and -5, ~ "" ^ 

A similar situation arises when going from air to. ground 

(entering Subroutine No-, Teh) <_ 1'he Variables' for -which* there is no past 

-history «vailable_co'nc.ernine_ the±j^deiu;vati^ei5-.ase_.v^..__w.. 1— m^-'miA' -ir 

these are computed from values of variables that .are savedL for this 

purposet «sing, the .following equations.: 

v 3 A -57 

"*1~ ^"»'»8, T 

-w 'Zt   -rw - -*•' 

2 I3  = iq 
• 

-             .      —        n ~ 

.W; ~..2. ,"V '_= r„^ft  —= *=- — " 

Pa 

,.Vu._M^2. 
.0185 ös 10 u «_|^ ü 

. ;-h3 -• . 

DfifivBt ivf^s sr? 'Cb?sr,u'frsä frc2XJth3__,aboire express lone for "tils'30" *--'  _—£*• 

. -£* -4., and -5. . _. _ ,_      ^___ '   .  „ _ _.^.       .  ._ „. . 

The above computations^  however^  are a consequence of the type Of 

quadrature, formula used.    It is expected that a formula or me,t*tc4. *?4tl 

be obtained that, will not .require-*h£s large; amount of •superflüdud 

cömpütat iöa?     fSee B.. 4.5) 

^r^^^^^mE^^^^wz^&smmmM^mmmmmm^mBKmss^^m 
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Shift- 
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r—" |. _ The number  of §f,#rätivQhSi .performed; 1?n  each computing c^cDiö 

I &i.|i§!l<|! upon maä-lr thihj>.3_$    For example,  W the: .pl&afje, 3.3. i'te flighty 

{'the. number  of computing, .operations- :l-h- ä computing cycle' will depend 

1^ upon- the altitude,.. ;sp'.e.6stt  &3igl§ =>f at<hä.pk.,.  etp*.    An< entirely different 

I figure will  bs- ob^a'tired when 'th-e pfs-J?« is- on the gi^0vcld_r. and so Lf p£th. 

It' is- thought at this time that the computer w-ill fe&lr s-il:- the end of 

each computation, cycle and will be started again, by a sighed .from _ 

a cert-al clock which, occurs at a fixed5 repetition rate,  the rate 

  being dictated by the   Ä t^sed in the. integration formula.    Thus to 

maka- sure that somputatiohs for one ,eyple are- e,ömpl:©ted before, tlks 

next start pul<se,.  the machine must compute rapidly enough to finish 

the longest possible computation routine.. 

If reference is made to the, flow chart lii Sepiön 4.1,. it pah- 

be seen that, there are a large number of possibilities-    Consider 

":> first, the following pases,- l-2^3a.~3.=10r4l-i3,. and 1^2~3a~3^1Q~IM2-l3^ 
-      - - ~ __- 

it is proposed to show now that they should, not occur^     Take-off is 

implied by; entering Subroutine Ifcy    Two, «*hen +ZtVt > A.    It fallows 

that h computed in. s^bröutina. '.Wp.'.knree shöüM be positive.    However 

...   .      .  —   -       _,             __ .      ... ...    _/.__ ,s     _     Ä _„._,—   _.   ./_i—T.__._ LJ      -'AT ^wi—.    iH-n.-r»__£i.   it; .can- Be -snswn tnen.  (rn.Jc, -'^ "<*,.   _^po_ii= 9.uDrou-«iiy «UUIUWA- .,*-—*— _____ 

&% - * f[s\x.ig,, + 0•$ + «n
3i^ .-   - CM _-• *) 

where *^^o ? ^ — -     -    -        . - 

<u)-   t. MX.)    Ing) tSV* - 4 
v       _   . ° p.     _ p • 
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Eq/datlons  (5,3 •?• U)  come frpom subroutines (Numbers-10«aid i'3-j     Substi- 

tution of' ,(i:5;.3 - 2^  in. ,(4«S - l)  gives;* 

T=herefor-e ,h = h>. at the end >pf .subroutine No. Thpee directing the flow 

of pomp lit at toi*. W -subroutine i0->- where the; plane 3rasdsr 'making it 

impossible, for the, plane to engage in sustained flight,    "i-9 goriest 

this difficulty using, the present scheme of integräti,oh a'nd pro- 

gramming,  it Is xi&o^hs&ty' %o- Sak'e h > hQ in the -event of take-off. 

X&Ls is. jione^in computation, blockL3a-i# )>y .^äfl^ffl^^h^by-^än- 

^aiFjbitp.e.-ry  smalls number.     l;n eonse.auence the afore-mentioned; computa- 

tion seijüenöes are' ,iiöt possible. 

. . ._._   ,__A .similar ,sAiA^ J£J*ö^6?io*; 

•rcith'-thc- GO.tnputKfcioii «f 1,,,     In•_order to make  it. posslible for the 

plake to go from three/srhee-I'S to two wheels,,   lg i-s decreased by the 

smallest number possible', in cömputatiöri 6-^7', 

7 A CQUP'.c of the; maximum estimätfed pperatiönSi required for  each/ 

pflthe remaining .p.o.sjible -ssgaputatiönfel; sequenfces- is  shown in Figure 

.5.3 - I.i-on- the following page. 
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Operation- 

Sequence 

l=3a^3=*9- 

1-^4-6^8^1 1-133 

i-g-4-5-6-8-il-18-i3 
lH3-4-5~7-8-ll-13 
lTÄ-4^5rt-8~ll-1.2-13 

Fiugre 5-.3„-» 1 

^ 0 :lBvi--*» ra /» 4T 

+ *" X » •@- T Shift Mägni-> 
tüde 

Maximum Kuniber- of Operas-ions 

it# 10£ 312" 2(3 ^23- 101 W9 4. 
146   .— 4-08    - a^©.- —2©.-- * -  §£<_    - Pot- -     107 -  4 

-     141  "15G 35-0 •M 22" 128 4 
141 iv/v .356 37 22 135 128 4 

67 68 139 4 22 50 32 1 
67. .68- 139 :2'2- 59: 32 1 
69 :f<3 i:44    -. •-4-  -- .     23 5Q- 36 X 

69' 70 144 4  h~ 23 59- 36 1 
62 55. .123 3 22 40 28 1 
62 55 123   = 3 22 49 28 I- 
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5'».4 , '.fötal ..kemory 

_&e t^juaösr of meiEöry positions necessary to/ store constants 

used in the computations is ,liQ.*. 

The-number ö_f meik~<ry pps-i.tlQns necessary to. store- insturotor 

and pilot inputs, is' 18. " 

The total number of instructions is ',232,,. In the Eurrioane 

machiney the number1 of memory positions required tö hold the^ in5' 

structions is about twice the number of instructions» 2464; For the 

hypothetical jp.öhi4e. desef ibsÄ in. -Section _&•_>' the number of ©emory 

positions required tchöld the instructions is 4 times the number ,of 

instructic is, 4928» 

The number of memory positions' necessary to, store intermediate" 

ora-l-ues^i-n-a>-MrpeK^d cöinput%:tion i'is :3» ,   ...___  - - _„    _-  

Th# number of addltlpcal memory positions needed tö störe 

intermediate values in the subroutines* and to störe the variables 

i-s not exactly known $  bvit a good, upper bound is 365,, and a good löwer 

bound i-a 173«, Thus  the- total -memory required in a >Hufricane- type 

machins' lief somewhere between &76S and &9&J:   a.M for She hyppthetisal 
-".    v ______  ^. 

machine of Section 3.2 lies somewhere betwaen 5S3S otnd 5484_ 

". The abö-^e comments are s'JiamariÄ.e.d iri Table J5'..4_'* 2 ©n. the 

fOfii(wing page. 

_tsntga__w»?-j_sgs_iEa:;.i-ji _•»•» ____^s-ggab_äiSi8__u_iBi__________BS_MB8g^,_^a^ 
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Table ;5T4_-.l 

—    Constants 

Inputs- 

Outputs 

ins.tr iic.t ions 

"airiaples 

Working Space- 

total 

fiurrifeahe Qbmputer 

 ~ —     L10. 

18 

173  *• f$5 

3 

S,7 68, * -2960 

-Hypoth@tI pal -Machine 

110 .    - 

18-    , •• 

'4928 

im - 3S5- 

•?• -_ -    - 

i5r23;2' . 
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•5a-5- Estimated ite.6M.ne.. Time) 

The time for on© computation gycle «.sing the Hupr.ipan-e machine 

is Q*£2  secohdSi 

The time for  one., computation qycte using, the- •hypothetical 

digital machine- described bn     iP'Ara,  "3>2 is. Of10 seconds.. 

The computation; times presented here were arriveU ;at    "by using 

the longest possible routine?    1^3'a^3r.l0-ll-i2-{!:3 together with •&%% 

operation times HstgÄ in table 3*9 ~ 1,    Thus these times are the 

most probable times for computation is the- longest commutation cycle* 

Ifcte, however,, that -no .advantage has been taken of the saving in Ex- 

tended operations, such as  U+B*S) * vfhich is fästsr than U*F)-- followed 

by ;(,A4,B5 + G»^ __ .-._'--      '•''.''.'" 

In the computation of the various subroutines:, many quantities 

may hot. cchanee, ap;pj>ecla*l-y through one .s.Qmp.utation cycle.    Thus' the 

possibility suggests itself of decreasing th<3 total  computation tikes 

of .Para.       5,5 % only ^occasionally computings qme of these slowly 

varying a'uantltie;*. ~°- v      --   . -  - - 

*"". ~ W6j*~ezami^  ii f "neeTd "1& ^mp.utefl" öniy -§Yl^-^er^^ii*ationr- 

cy£l.&to_M$mthingL$l*'? su#.as_l ?Quld, be oömpütBd''in alternate- cycjis's», 

Xx- olie ^icuitities' °*ich as ^^VW 4:seed be. computed more, than sayr" 

every ten .eompatation cycles?,  then £_ might be 'Computed in the first 
--X.      " "- -   -        - 

eyelet,  I    in *.he nexfet; # in; the säeaefo, and, d in the next| the- pmsXr 

&pit£ea a*.e *sry great. " Emmhv* -%t _ ia rißt W&tok at this time: whicfr 

•4S&&*3$*e*s if: ahy-,-. permit of this- trsaAmev^ ö5^t^eiri3#i, thä ;oM*n*pfe 

tö include Mnor  cyciihg- in this- ajster^m program has; not been Shade.. 
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The. a&äi&g«® Information •pi'övaded by the pilot eüfcfc i'-^tru6t.or for 

use in the >c;omputei\j must 'be oö&veried- to -digital in-förmatf-on örid the 

•digital information computed must be converted to continuous .lnf0.rmati.Qn, 

for instrument: readings and control loadings    'The contract requires 

-that, the duty- cycle ='©£ this ;>quiprherrt, be- spec-i'f led but does iict ask, for 

any deslgri data for coding arid -decoding devices. 

$.j      Coding ..of Input-Information 

The 14 .quantities listed' on Page g-28.Qf Section :2' must _ he con- 

verted from-analogue- to digital form.     Quantities are of three different 

kind's. 

a. /irMtrarily Varying, quantities; controlled by. pilot.   |6<a,   6e, 

oy}     Throttle angle y^ is also in this category. 

b. Quantities which are either' sero or change- at a cohstjint ^feate- 

with time until they .reach, a limiting value,   (6f£>  KJQ;. $p*. -Kjj) 

6,r' Quantities, that are either zero or some constant value* 

(:Str?  SjT^.,   Spb",   SJ^J,  
;
%^

!
'T  %#",   %)•    .1» addition to these/'fallures- to 

he%"Mutated which affe.ct the equat-iöös of-,mdt4on^could^h.e handled in. 

•the. same- way; as th© ^S-? b, 

%. i-jL ^B_,,iyb/itjt;är;i,ly. VargJ4&-T ^jan^-it-lej ........            ---   - 

In. oi^aer to ;gc+ the best results; i» digital compu.-atiöh it i-s 

. rie.c^s.sary; tö ns.:e» v;a.i' s.s. -e.!- '§>, J§--r shdir-€'_ that  ape sazripjLsd,-at «;-S"T/i"o,SÄ   - 
-. "-/   ^ i _. j,_tj,   _   *» _ ..   - —_-.;..-   - 

- to the same 'tints as- ^s-sfb^e-.,     fSee, .Section 4^   " jjLe/^aiue.s. ®£: these 

: qliafit'itre.s- are c"..?ai$Sb.%e. 'lit t'e-rmss -of the rn&chanli.c.ax en^-\ "'-'* "   ^aiii'ön of 

fi-Bi iötigiff anU r-udder b;|t£.,~  JLi   •tfre.reffare ,s.eems, best t^ j, ß.ojP.i»|e. a .e.s-av-c •' 

which. v"i3;t     --rxvert the ;m.ac"haii?£cäl apjguXär position- directly/ into ui®.i$ajl 

rsfcMi «nravn«! <• •»^H»«»=*i 
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in-forittatiön,, perhaps, in the term of -qprea. öJJ closed switches,    Not .more 

t-frän, ten- binary digl\3 would he. necies§S-?y_    There mvBi- "be ©fee mechanical 

•converter fei? e'ac;h -qujmtityj (but these öpuld ail u.s.e a s#ngl:g- eleö.trpniö 

device $Z> produce a train &T pulses identical w$t& tliat eeöiing from, any1 

ir.eniory position.,.    Py sprorHlding gates,  one. for espfe i1.-9chariAO.al cöhverte.r,,, 

all inputs coüld thei_. ,b;e assigned addresses j|ü'st as in -t%e os.se, öf röe-üöijy 

positions?*  and treated in- the; =p'gog^ait®iing j.ust like 4ny normal memory 

ppsitäpri. -   Ä bloc-k diagram of this scheme is shovtJn in Figure 6.1-1.    ~ 

The heat «ray to handle these is to .provide' a eoilsjtari.t  äpeed motor 

~ana attach tp its sM-ft -one: <§'£ the meehan4:cTal ^n-ve^tB"r.s\'äie'sc-Ei^ed-"-in — 

P.%.1-1*    A limit  switch would stop the motor when proper final value is 

reached.    This enables linearly varying quantities, to be handled in the 

rsame^wäy^as äs*M-t3?äfily varying ones. 

'&!%-& Jju^tltigs I'hät „Are. Either, Ze.ro;,.or Cöils.tafitö 

.~ - T&e-se cä^ instead of a 

shaft- rö binary, eönwr-ter it &&-only necessary to. have .a .switch that is 

either open or closed^  corresponding 'to. the binary' numbers 0; and 1$    The 

p-rpgräiröning; -wnen nsilled' Z
;
JS- prs'ducs %W number say Sf^ which, is either    G. 

";§*" ^BB<Uk&$ fdeeimal -pusibe.ry1 will direct the .machine to. the mextsöüsp, 

;pösTti:pn. ,p._f the. S^r sm-hcrx and; ••vefämfta.ß cjipice..    It .it. finds .®;..i.t. jdLill-.-- 

-be directed to a. memory pps'it,ipii where ;|t- finds. <0»   ii" iö'lesfd it wl.H "&©—-_ 

directed tp ä,rftemöry ppVs/ition where it. ditids the; binary equivalent ,0>f' 

Ö-.:04£:$8«. .... - 

.pother -way pf haiigxing the S' •qüäiititifes' is used in the/ .program- 

_  r     =_ si_j_(__,__ss___saiw(«rsE!i_(-i 
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J 

Digital information: 
üö fo-rrii. of öpsn-or 
closed' svrlicfies 

„ ^     ^^ each d'j r 

/ 
Uh-z-n'   MäGfa-.Gsn-ve-t'&er' W^- 

# 

/ 

/ 

•itealrggue. 

in Fprm -of 
-Mbcfianical .Rotation 

't«*4. 
t, 

./ 

•Giöc'k ipülse.s* 

1 LPTLik. 

.TV 
f / 

Information tö 

/ Pulse 'Förm= 

Electronic Detfxcs 

./ 

^-Gate's ässif 'öglect-ing' -guänti-tw 
fco- b'e fed tö Machine 

figure 6.JP7L 

bss 
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ä^sc^Tbed  in- .Seer, .^JP 5- of this x-epor't,    this method is aä,;^iyt^eo4ö, fitom 

the' ..standpoint .et' saving. eon1!  feiteg .tiine.     Äii -äf the S*s .v^-g-J        ^          

^sction' -2-):  ar« -J ^tes w^'-eli arg- |hteg^,,wtea: *ii£h resp/ecrt   * b -'"ircw,    Hi''gh 

acc.iii^ey fs-not warranted in t^'e.sg ilwegrxt ions so the;/ >oän -be .performed: 

b;y konstant >sp„ v'lr "tiötörö iswe^l ^xopQrtiöit.Äi ;(?'.> v>al.>eö öf g)  whose 

re    "u-txönfc,r3*e counted by mechanica-J. v^n^-,^*^'^ . \ the type ;d&3cribed 4^ 

r.. Ä-.4~itr. T4?      „ fc-tern als:ö- nas the advantage **f w;-~jg •' '•• i'Ientical niethöd' 

of In't-wo4-*a.eV®ö- all input g« 

The;   ~ U|ji4ö"»l eüpverte *s._ ^huiil^i >e..aö_ 4^:&£g^& thai ^he*^ wö.uiä- 

a* ^11 time;*   oe'-a«<r;p'J':'.s:bie ä Vlnary numt   ".•':Qx*-r.e.s.p.o.ndi;ing to. the "input 

shaft position,    this .mi&at 'necessitate tvio" ,r .jis-t5:i,p. alightiy o"t öf 

time phase,   so that while one register* is in the process, of transition 

the ether i-£ no-tj.  and means of inhibiting; entry -'nto= the register which 

is changing,, - -    -    _  

The associated equipment for converting the register- setting; into 

traixs- of pulses must be abl'e to- span the  a-rü^äy 'öf input, registers, in 

sequent* in the- .same time that  it. takes to. Sv ah a; similar ntaxiber of 

memory positions in t-hs computer., 

6-.S .   J)ee^".lng. pi QutpuJ^rngoCT.ätiön- 

'6^' %ityt>k^Si% "Instri_,--ten-]js:',_are the fölipwingj:      - _   

Fee.d'le - reads v   _ -v—- 

~~*£I ~r -resd's ap.pr...*.*     ^M. ~ VTT . -   - 

•y.j-q: . -- - — .£1.« •* 
"2V- 

#&t.ituvie; .gyr©- -• lead's       .-- .s-'iriP"^ 1.2 

Ä'ItiWde igy/i>o -: .reads ' sin  ' ;ra.£ 

^0—:-ui=L-rj2S ÄäHMias*gi«aBKasB«»«» AMaeeasswniMi 
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'6HS" 

Cöräpass ~ re ate \]< 

Sal'e. -of climb - reads', h 

.^a-p %*aed 'Sn-d-tcätjD'p- .—read's.    s/'pWs~'*^-a- 

The aoniplit'oE-,,  if it ha# not al-rscd'y: ©omput.eg them for • oilier .purpose? 

must cc*>'.ut'^' numbers pre pörtionai t:ö-.all instrument readings,     Computstionr 

peculiar to ir>£"^i-aimer..tt. .such ,äs- Ball*  Attituie sgy-rö and Airspeed Indicator- 

,haye. not as yet been included, in the- pp.ogr-a'a In Section- ;5-i_ __ _ _    .- 

Thee.    Jji.*. .re ,-ifcus* then be' eohvertee  to some analogue- quantity such 

as- a vQ.lt:äfa.:e' .süit;*.v        £jr- äc\t„ü'at.ing an, inst'riMen't'.i.     Since   in gene/paiL      " ~ 

instruments, v^'1-1 make small enanges.ifi their readiiigs in ä timö as. short 

"as one computation cycle*   a single digitöi tö yprlfräge conyerter couid be 

time sharped by all: instruments. " -=,--.--=—-=.--=-=-=_--~^=_| 

6 ...'2-2--Gentr.ol, Loadahg,, - 

fIiet it '-„ ^-••sumed that the. control loading is to be. produced! by 

«.eryomSchSnisjns that -can.1 develop, stick and rudder force-s jf report iou ait. to- 

vöitÄäges äppiiigd to th|ir inputs,,    fhen thö computer must, compute the: stick 

and rudder forces and deliver- to- i&s memory numbers1 .p^oport^ipnai to these 

:§Qto.es,     *he-.x these numbers -cah, h~&, :Cönr£ePt:,ed t:d- voltages by tiie -same 

möctoanibsifi- used for converting: .in.st-rul.iie.nt readinig-s -for voltages.-. 

/6?;&?$,_ äfeftital .:frö..^lt'ag^,@enye^by5r-; 

•By -Using thfc s.aheme -csut,lined in sections: .J5v2r;l shd .d» 2-2. the- 

rgqpir;ement;i of; this digital to voltage- -'SöMteptep cfri;h.e ji#at'ed äs Jigftipsys: 

I 

KCaruw»- r^rasgqs^»«fieB^»regi^atea3ffi^i53^^ 
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T.&e; cosv-e-pter must äsespt digital, numbers ät; a ret^ egual to: 

iaö.tai n\iiriber of ins'fcrüinen* reäd-Mgs' äid 

Time -o~f one computation, interval 

and produce one :cont inüously varying voltage for eac:h. iiistrumerit and 

component. .of Control forces    If thi;s rate* i-s excessively large i*. could 

be reduced by sampling the slowly varying instruments. less .frequently 

than :every cycle, ______ 

"1 1 

ri   _   - U pj 



ö data is not tö be regarded feytfeplibBaitoft. jjfr bt&tevfoe £$vri 
^^y maimer licensing gie_ holder" «frla^ 

- tloR, or conveying aiay-rights *>r pe*^ 
patented invantlqn,that mayiifi Än$,4?$$fee.^tadM^ssttfw^' 

'»  &r 
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